Malliavin Calculus and Normal Approximations

by David Nualart

1 Introduction

The Malliavin calculus is a stochastic calculus of variations with respect to the trajectories
of the Brownian motion, that was introduced by Paul Malliavin in the 70’s to provide a
probabilistic proof of Hérmander’s hypoellipticity theorem (see [9]).

Basically, the Malliavin calculus is a differential calculus on a probability space equipped
with a normal or Gaussian probability measure. The course will cover the main applications
ot Mallavin calculus, including the existence and regularity of probability densities and
the rate of convergence in normal approximations via Stein’s method. We will also discuss
some recent applications to the asymptotic behavior of spatial averages of stochastic partial
differential equations. These notes are based on the monographs [17, 12] and the article
[16].



2 One-dimensional Gaussian analysis
Consider the probability space (R, B(R), ), where

e v = N(0,1) is the standard Gaussian probability on R with density

6—:52/2

1
p(z) = E )

z € R.

e The probability of any interval [a, b] is given by

v(la, b)) \/%/ e dx.

We are going to introduce two basic differential operators. For any f € C'(R) we define:
e Derivative operator: D f(z) = f'(x).
e Divergence operator:  df(z) = xf(z) — f'(x).

Denote by C’]’f(Rm) the space of functions f : R™ — R, which are k£ times continuously
differentiable, and such that for some N > 1, |f®)(2)| < C(1 + |z|V).

Lemma 2.1. The operators D and 6 are adjoint with respect to the measure v. That
means, for any f,g € C’; (R), we have

<Df7 9>L2(R,~,) = <f7 5g>L2(R,y) .

Proof. Integrating by parts and using p'(z) = —zp(z) we get

/ F(@)g()p(z)de = — / f(z)(g(x)p(z)) dx
/f( )g'( dx—l—/f (2)dar
- [ wgte

Lemma 2.2 (Heisenberg’s commutation relation). Let f € C*(R). Then

(DS —o0D)f = f




Proof. We can write
Dif(x) = D(zf(z) - f'(x)) = f(x) + xf'(x) = f'(x)
and, on the other hand,
0Df(z) =of'(x) = xf'(x) = f(2).
This completes the proof. O
More generally, if f € C™"(R) for n > 2, we have

(D§" — 6"D)f =né" ' f

Proof. Using induction on n, we can write

Ds"f = D" ' f) =6D(8" T f) + 6" f
= 9 [5”71Df -+ (n — 1)5”72f] + 5”*1]” — (5an + nénilf,

]

Next we will introduce the Hermite polynomials. Define Hy(z) = 1, and for n > 1 put
H,(z) = 0™1. In particular, for n = 1,2,3, we have

Hi(z) = dl==x
Hy(z) = drx=2-1
Hs(z) = 6(2*—1)=2°— 3.

We have the following formula for the derivatives of the Hermite polynomials:
HT/L = an,1

In fact,
H = D61 =6"D1l+né" 'l =nH,_;.

Proposition 2.1. The sequence of normalized Hermite polynomials {\/%Hn, n >0} form

a complete orthonormal system of functions in the Hilbert space L*(R, 7).

Proof. For n,m > 0, we can write

nl ifn=m

/RHn(ac)Hm(x)p(x)dx = {0 % m

Indeed, using the properties of Hermite polynomials, we obtain

/RHn(x)Hm(x)p(x)dx = AHn(x)éml(x)p(x)dx
= /RH,'l(x)ém_ll(x)p(x)dx

= n/RHnl(x)Hml(x)p(x)dx.
3



To show completeness, it suffices to prove that if f € L?(IR,~) is orthogonal to all Hermite

polynomials, then f = 0. Because the leading coefficient of H,(x) is 1, we have that f is

orthogonal to all monomials x". As a consequence, for all ¢t € R,

/ f(x)e™p(a)de = i (it)" / f(x)a"p(z)dz =0
R n! Jr .

n=0

We can commute the integral and the series because

Z/R“Z—rlfwmmx = [ e lr@lpte)ds

2

< {/ fQ(x)p(x)dx/emmp(x)dx} < 00.
R R
Therefore, the Fourier transform of fp is zero, so fp = 0, which implies f = 0. This
completes the proof. O

For each a € R, we have the following series expansion, which will play an important
role.

—a” .
> o H () = e (1)
n=0

Proof of (1): Taking into account that H, = 0"1 and that 6" is the adjoint of D", we
obtain
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Finally,

22

1
e, 1 =—— [ e 2dx=e
( )L2(R ) NG /]R
and (1) holds true.

Let us now define the Ornstein Uhlenbeck operator, which is a second order differential
operator. For f € C?*(R) we set

a2
2

Lf(z) = —xf'(z) + ["(2).
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This operator has the following properties.

1. Lf =—-0Df.
Proof:
0D f(z) =df(x) = zf'(x) — f"().
2. LH, = —nH,, that is, H, is an eigenvector of L with eigenvalue —n.
Proof:

LH, = —-0DH, = —6H] = —ndH, , = —nH,.

The operator L is the infinitesimal generator of the Ornstein-Uhlenbeck semigroup.
Consider the semigroup of operators {P;,t > 0} on L*(R,~), defined by P,H, = e ™H,,
that is,

Bif = Z (fy Hy) 2oy ™ Hy.

Then, L is the infinitesimal generator of P; in L*(R,~), that is, L = %|t:0Pt. Moreover,
4 = LP, = BL.

Proposition 2.2 (Mehler’s formula). For any function f € L*(R, ), we have the following
formula for the Ornstein-Uhlenbeck semigroup:

= /R fle' e+ V1 —e2y)p(y)dy = E[f (e 7'z + V1 — e 2Y)],

where Y is a N(0,1) random variable.

Proof. Set Pt fR e7tr + V1 — e 2y)p(y)dy

(i) We will first show that P, and P, are contraction operators on L2(R,~). Indeed,

e 9]

1 e 2n
1P f 72 = ZﬁfH 2@ € < ey

n=0

and

2
1Py = [ ( Rf(e-txwl—e%y)p(y)dy) p(e)da

< e + V1 — e 2y)p(y)p(x)dyda
RQ
= E[f* (e X +V1—e2Y)] = || fllT2m),

where X and Y are independent N (0, 1)-random variables.



(i) The functions {e**,a € R} form a total system in L*(R,v). So, it suffices to show
that P.e® = Pe® for each a € R. We have

(Pe®)(z) = E [em_t“yﬂ—e*“} — pawe ! G (1—e?)

e
o n_—nt
s s ZO - Z! H,(z)
. = a" ) @ (g
= eﬂ%(;)mfln)(x):eﬂ%(e 2)(55)
= (Re)(x).
This completes the proof of the proposition. [

The Ornstein-Uhlenbeck semigroup has the following propreties:
L |[Pfllze@qy < [ fllLesy) for any p > 2.

Proof: Using Mehler’s formula and Holder’s inequality, we can write

p
1P f o mqy = fleT'e + V1 — e 2y)p(y)dy| p(x)dz
R

< . |fle™tx + V1 — e 2y)[Pp(y)p(x)dyda
= B[S X+ V1= e = 1l

2. Pof = f and P f =limy_,oo P f = [ f(y)p(y)dy.

3. DP,f = e~'P,DF.

4. f > 0 implies P, f > 0.
5. For any f € L*(R, ) we have

_/Rfd»y:—/oooLPtf(x)dt.

Proof:
_/Rfd'y = Z <f7 >L2R7)H (1")
= ; %(f, H,) 2 w4 (/000 ne”tHn(aj)dt)
_ /0 (Z %< I, Hn)Lz(Rﬁ)(—LPtHn)(x)) dt
_ _/oo LP,f(x)dt.
0
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Proposition 2.3 (First Poincaré inequality). For any f € C}(R),

Var(f) < ||/ 172z

Proof. Set f = fR fd~. We can write

Var(f) = [ Fa)(f) = Ppla)da
_ /O h /R F@)LPf (2)p(a)dadt
- /0 h /R F(2)6DP,f (2)p(x)dadt
= [ et [ r@rs @

< / e Nl 2 1 Pof ] 2yt

0
< 2@
]

This result has the following interpretation. If f’ is small, f is concentrated around its
mean value f = [ f(z)p(x)dz because

Var(f) = [ (@) = FPpla)d
The result can be extended to the Sobolev space

D" ={f: f f € L*R,)}

defined as the completion of C,(R) by the norm || f[I7 5 = |72 + £ 72)-

2.1 Finite-dimensional case

We consider now the finite-dimensional case. That is, the probability space (Q, F, P) is
such that 2 = R", F = B(R") is the Borel o-field of R", and P is the standard Gaussian
probability with density p(z) = (2r)"/2e~1#*/2_ In this framework we consider, as before,
two differential operators. The first is the derivative operator, which is simply the gradient
of a differentiable function F': R" — R:

oo (200,

_7 L]
61’1 @In



The second differential operator is the divergence operator and is defined on differentiable
vector-valued functions u: R™ — R” as follows:

o(u) = Zn: (ux . gD = (u,z) — divu.

=1

It turns out that ¢ is the adjoint of the derivative operator with respect to the Gaussian
measure P. This is the content of the next proposition.

Proposition 2.4. The operator § is the adjoint of V, that is,
E((u, VF)) = E(F(u))

if F: R - R and u: R" — R™ are continuously differentiable functions which, together
with their partial derivatives, have at most polynomial growth.

Proof. Integrating by parts, and using dp/0x; = —x;p, we obtain

g F
/(VF,u>pdx = Z 8—uipda:

— J/R» 0@

(2

= Z(—/ Fauipdx—l—/ Fuiacz-pdx)

=1

_ / Fo(u)pds.

This completes the proof. O

Exercises

1. Show that the operator L is the infinitesimal generator of P, in L*(R,~), that is,
Lf = %|t:0Ptf, in the sense that this limit exists in L*(R,~) if and only if

o0

n? )
Z m(fa Hn>L2(R,'y) < 0.

n=1
If this holds we say that f belongs to the domain of L.
2. Show that for any n > 0, H,1(x) = vHy,(x) — nH,_1(s).

3. Using (1) show that H,(0) =0 if n is odd and H,(0) = % if n is even.

4. Using Exercise 2, the fact that H, = nH,_; and an induction argument, show that



5. Let X and Y be two random variables with joint Gaussian distribution such that
E(X)=E(Y) =0 and E(X?) = E(Y?) = 1. Show that for any n,m > 0, we have

nl[E(XY)]" if n=m.

E(H,(X)Hn(Y) = {0 if n £ m.

6. Let (B):>0 be a Brownian motion. Consider the linear stochastic differential equation
dX? =\2dB, — XPdt, t>0, X:=zxeR. (2)
The solution of (2) is called an Ornstein-Uhlenbeck stochastic process.

(i) For any x € R, show that the solution of (2) is given by
¢
X = e tr + \/5/ e’(t’S)dBt, t>0.
0

(ii) For any x € R and any function f € L?(R,~), show that P,f(z) = E[f(X[)].



3 Brownian motion

Brownian motion was named after the botanist Robert Brown, who observed in a micro-
scope the complex and erratic motion of grains of pollen suspended in water. Brownian
motion was then rigorously defined and studied by Norbert Wiener; this is why it is also
called the Wiener process. The mathematical definition of Brownian motion is the follow-
ing.

Definition 3.1. A real-valued stochastic process B = (By)i>o defined on a probability space
(Q, F, P) is called a Brownian motion if it satisfies the following conditions:

(i) Almost surely By = 0.

(i1) For all0 <ty < --- <t, the increments By, — By, _,,..., B, — By, are independent
random variables.

(11i) If 0 < s < t, the increment B, — By is a Gaussian random variable with mean zero
and variance t — s.

(iv) With probability one, the map t — By is continuous.

More generally, a d-dimensional Brownian motion is defined as an R?valued stochastic
process B = (By)i>0, B; = (B}, ..., BY), where B,..., B¢ are d independent Brownian
motions.

Proposition 3.1. Properties (i), (i), and (iii) are equivalent to saying that B is a Gaus-
sian process with mean zero and covariance function

['(s,t) = min(s,t). (3)
Proof. Suppose (i), (ii), and (iii) hold. The probability distribution of the random vector
(Biyy ..., By,), for0 <ty <--- <t,, is normal because this vector is a linear transformation
of the vector (Btl, By, — By,,..., By, — Btn—l)? which has a normal distribution, because

its components are independent and normal. The mean m(t) and the covariance function
['(s,t) are given by

m(t) =E(B;) = 0,
F(S, t) = E(Bth) = E(Bs(Bt - Bs + Bs))
= E(B.(B; — B,)) + E(B?) = s = min(s, 1),

if s <t. The converse is also easy to show. [

The existence of Brownian motion can be proved in the following way: The function
['(s,t) = min(s, t) is symmetric and nonnegative definite because it can be written as

min(s,t):/ 1j0,6(7) Lo, (r)dr.
0
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In fact, for any integer n > 1 and real numbers aq, ..., a,,

n

Zaiajmin(ti,tj) = Zaiaj/ Ljo,t,)(7) Ljo,z,) (r)dr
0

i,j=1 b,j=1
00 n 2
= / (Z ail[o,ti](r)) dr Z 0.
0 i=1

Therefore, by Kolmogorov’s extension theorem, there exists a Gaussian process with mean
zero and covariance function min(s, t). Moreover, for any s < t, the increment B, — B, has
the normal distribution N(0,¢ — s). This implies that for any natural number k& we have

E ((Bt - BS)%> - (;k@!! (t — s)*.

As a consequence, by Kolmogorov’s continuity theorem, there exists a version of B with
Hoélder-continuous trajectories of order v for any v < (k — 1)/(2k) on any interval [0, 7.
This implies that the paths of this version of the process B are y-Hoélder continuous on
[0,7] for any v < 1/2 and T > 0.

Remark 3.2. As we have seen, the trajectories of Brownian motion on an interval [0,T]
are Hélder continuous of order v for any v < % However, the trajectories are not Holder
continuous of order % More precisely, the following property holds:

B; — B,
P | sup —’ L | =400 | = 1.
ste01] /|t — s|

The exact modulus of continuity of Brownian motion was obtained by Paul Lévy:

lim sup sup |5 — Bl =
540 ste01]i—s|<s \/ 2|t — s|log [t — s

1, as.

Brownian motion can also be regarded as the limit in distribution of a symmetric
random walk. Indeed, fix a time interval [0,7]. Consider n independent and identically
distributed random variables &, ..., &, with zero mean and variance % Define the partial
sums

Rk:§1++§k, k:zl,...,n.

By the central limit theorem the sequence R, converges in distribution, as n tends to
infinity, to the normal distribution N (0, 7).
Consider the continuous stochastic process S, (t) defined by linear interpolation from

the values T
Sn(—):Rk, k::O,...,n.
n

Then, a functional version of the central limit theorem, known as the Donsker invariance
principle, says that the sequence of stochastic processes S, (t) converges in law to Brownian

11



motion on [0, 7]. This means that for any continuous and bounded function ¢: C([0,7]) —
R, we have

E((Sn)) = E(e(B)),

as n tends to infinity.

3.1 Quadratic variation

Brownian motion satisfies E(| B; — Bs|?) = t —s for all s < ¢. This means that when ¢ — s is
small, B; — By is of order v/t — s and (B; — B,)? is of order ¢ — s. Moreover, the quadratic
variation of a Brownian motion on [0,t] equals ¢ in L?*({2), as is proved in the following
proposition.

Proposition 3.2. Fiz a time interval [0,t] and consider a subdivision m of this interval
O=to<ty<---<t,=t.

The norm of the subdivision 7 is defined as |m| = maxo<j<p—1(t;j+1 —t;). The following
convergence holds in L?(Q)

n—1
: 2
1 - —DB) =t
Jim > (B —By) =t (4)
j=0
Proof. Set &; = (B,
centered. Thus,

i1 — Bi,)? = (tjs1 —t;). The random variables §; are independent and

(8 )] o(e)] - Sve

J=

[y

-
24 (1 — tj)Q]

I
™

<

]
¥ o
-

3 (tj1 —t;)* — 2 (tj41 — 1))

|7r|%0

I
b

(b1 = 15)* < 2t|n] ==

<
I
o

which proves the result. O
As a consequence, we have the following result.

Proposition 3.3. The total variation of Brownian motion on an interval [0,t], defined by

n—1

V= sup Z |B,57+1 By, |,

7=0

where m = {0 =1ty <ty < --- <t, =t}, is infinite with probability one.
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Proof. Using the continuity of the trajectories of Brownian motion, we have

—_

n—

n—1
(Btj+1 - Btj)2 < sup ‘Btj+1 - Btj| (Z ‘Btj+1 - Btj|>
J

j=1 =0
|w|—=0
< Vsup|By,, — B,| — 0,
J
if V' < oo, which contradicts the fact that Z;:&(Btj .. — By,)? converges in mean square
to t as |r| — 0. Therefore, P(V < c0) = 0. O

3.2 Wiener space

Brownian motion can be defined in the canonical probability space (€2, F, P) known as the
Wiener space, where

e () is the space of continuous functions w: R, — R vanishing at the origin.

e F is the Borel o-field B(f2) for the topology corresponding to uniform convergence
on compact sets. One can easily show that F coincides with the o-field generated by
the collection of cylinder sets

C={weQ:wt) € A,...,w(ty) € A}, (5)
for any integer k > 1, Borel sets Ay,..., Ay in R, and 0 <t < -+ < {tp.

e P is the Wiener measure. That is, P is defined on a cylinder set of the form (5) by
P(C) = / P (21)Pto—ty (T2 — 21) -+ - Pyt (T — Tp—r) dy -+ - dag,  (6)
Ap XX Ay

where py() denotes the Gaussian density py(z) = (2rt)"1/2e=#/@) 2 e R ¢ > 0.

The mapping P defined by (6) on cylinder sets can be uniquely extended to a probability
measure on JF. This fact can be proved as a consequence of the existence of Brownian
motion on R, . Finally, the canonical stochastic process defined as B;(w) = w(t), w € Q,
t > 0, is a Brownian motion.

3.3 Wiener integral

We next define the integral of square integrable functions with respect to Brownian motion,
known as the Wiener integral. We consider the set &, of step functions

n—1
he = Z ajl(tjij-s-ﬂ(t)a t>0, (7)

J=0
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where n > 1 is an integer, ag,...,a,-1 € R, and 0 =tq < --- < t,,. The Wiener integral of
a step function h € & of the form (7) is defined by

/ htdBt Z a; Bt]+1 Btj>.

The mapping h — [;° hydB, from & C L*(R,) to L*(12) is linear and isometric:
00 2 n—1 00
=0

The space & is a dense subspace of L*(R, ). Therefore, the mapping
h — / h;dB;
0

can be extended to a linear isometry between L*(R,) and the Gaussian subspace of L*(2)
spanned by the Brownian motion. The random variable fooo h.dB; is called the Wiener
integral of h € L*(R,) and is denoted by B(h). Observe that it is a Gaussian random
variable with mean zero and variance [|h]|3, (r,)- Notice that B, = B(1jy).

3.4 Isonormal (Gaussian space

The Wiener integral B(h fo (t)d B, gives rise to a centered Gaussian family of random
variables, indexed by the Hilbert space H = L*(R,), such that

E[B(h)B(g)] = <h>g>L2(R+)-

More generally, consider a separable Hilbert space H with scalar product (-,-)y. An
isonormal Gaussian process is a centered Gaussian family H, = {W(h),h € H} satisfying

for any h,g € H. Observe that H; is a Gaussian subspace of L*().
Ezxamples:

(A) Let (7, B, 1) be a measure space, where (1 is a o-finite measure. Consider an isonormal
Gaussian process W on the Hilbert space H = L*(T, B, i1). Define W(A) = W(14),
for A € B such that pu(A) < 400. Then, {W(A), A € B, u(A) < 400}, is a random
measure with covariance

E(W(A)NW(B)) = u(AN B),
which is called a white noise on (T, B, ).
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(B) Let X = (X})co,r] be a continuous centered Gaussian process with covariance func-
tion
R(s,t) = E(X; Xs).
The Gaussian subspace generated by X can be identified with an isonormal Gaussian
process H; = {X(h),h € H}, where the separable Hilbert space H is defined as
follows. We denote by £ the set of step functions on [0,7]. Let H be the Hilbert
space defined as the closure of £ with respect to the scalar product

(Lo, Ljo,8) 1 = R(t, s).

The mapping 1p g — X; can be extended to an isometry h — X (h) between H and
Hi.

An isonormal Gaussian process on a separable Hilbert space H can de defined as follows.
Suppose that {e;,i > 1} is a complete orthonormal system on H. Consider a sequence of
independent random variables {&;,7 > 1} and define

o0

W(h) = ZU% ei)méi-

i=1
Exercises

1. Let Z be a random variable with law N(0,1). Consider the process X; = v/tZ, t > 0.
Is (X;)i>0 a Brownian motion? Which properties of Definition 3.1 hold and which
don’t?

2. Let B be a d-dimensional Brownian motion. Consider an orthogonal d x d matrix U
(that is, UUT = I;, where I; denotes the identity matrix of order d). Show that the
process

Xy =UB;, t>0,

is a d-dimensional Brownian motion.

3. Compute the mean and covariance function of the following stochastic processes
related to Brownian motion:

(a) Brownian bridge: X; = B, —tBy, t € [0, 1].

(b) Brownian motion with drift: X; = oBy + pt, t > 0, where 0 > 0 and p € R are
constants.

(c) Geometric Brownian motion: X, = e?B# ¢ > (), where ¢ > 0 and p € R are
constants.

Which of them are Gaussian processes?

15



. Define X; = fot Bgds, where B = (By):>0 is a Brownian motion. Show that X; is a
Gaussian random variable. Compute its mean and its variance.

. Let B be a Brownian motion. Show that for any a > 0, the process (CF%Bat)tzo is a
Brownian motion (Selfsimilarity property).

. Let B be a Brownian motion. Show that for any kA > 0, the process (Byin — Bp)i>0
is a Brownian motion.

. Let B be a Brownian motion. Show that the process (—B;):>o is a Brownian motion.
. Let B be a Brownian motion. Show that lim; ., B;/t = 0 almost surely and that
the process
tB1 s, t >0,
X, = 1/t
0, t=0,
is a Brownian motion.

. Let B be a Brownian motion. Using the Borel-Cantelli lemma, show that if (7™),>1,
" = {0 = tf < --- < tf = t}, is a sequence of partitions of [0,¢] such that
>, || < oo, then Z?igl(Bt?H - Bt;_z)Z converges almost surely to t.
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4 Stochastic calculus

The first aim of this section is to construct It6’s stochastic integrals of the form fooo uydBy,
where B = (B;);>0 is a Brownian motion and u = (u;)¢>o is an adapted process. We then
prove Ito’s formula, which is a change of variables formula for Itd’s stochastic integrals
that plays a crucial role in the applications of stochastic calculus. We then discuss some
consequences of Ito’s formula including the integral representation theorem for square
integrable random variables.

4.1 Stochastic integrals

Recall that B = (B;)i>o is a Brownian motion defined on a probability space (2, F, P).
For any time t > 0, we define the o-field F; generated by the random variables (Bs)o<s<t
and the events in F of probability zero. That is, F; is the smallest o-field that contains
the sets of the form

{Bs € A}UN,

where 0 < s <t, Ais a Borel subset of R, and N € F is such that P(N) = 0. Notice that
Fs C Fpif s < t; that is, (F;)e>0 is a non-decreasing family of o-fields. We say that (F):>o
is the natural filtration of Brownian motion on the probability space (2, F, P).
We say that a stochastic process (u;);>o is adapted if for any t > 0, u; is Fi-measurable.
We know that the trajectories of Brownian motion have infinite variation on any finite
interval. So, in general, we cannot define the integral

T

as a pathwise integral. We are going to construct the integral fooo u;dB; by means of
a global probabilistic approach for a class of processes satisfying some adaptability and
integrability conditions specified below.

Definition 4.1. We say that a stochastic process uw = (ut)i>o S progressively measurable
if, for any t > 0, the restriction of u to Q x [0,t] is F; x B([0,t])-measurable.

Remark 4.2. If u is adapted and measurable (the mapping (w,s) — us(w) is measurable
on the product space Q0 x R with respect to the product o-field F x B(R,)), then there is
a version of u which is progressively measurable. Progressive measurability will guarantee
that random variables of the form fot usds are F;-measurable.

Let P be the o-field of sets A C 2 x R, such that 14 is progressively measurable. We
denote by L?(P) the Hilbert space L?(Q2 x R, , P, P x {), where { is the Lebesgue measure,
equipped with the norm

||u||%2(7)) =K (/0 ugds) :/0 E (ug) ds,
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where the last equality follows from Fubini’s theorem.
In this section we define the stochastic integral fooo uydB; of a processes u in L*(P) as
the limit in mean square of the integral of simple processes.

Definition 4.3. A process u = (u;)i>o s called a simple process if it is of the form

n—1
Uy = Z ¢j1(tj,tj+1}(t)> (8)
=0

where 0 < 1y <ty < -+ < t,, and the ¢; are F;,-measurable random variables such that
E(qﬁf) < 00. We denote by £ the space of simple processes.

We define the stochastic integral of a process u € £ of the from (8) as

) n—1
I(u) = / udBy = Z ; (Btj+1 - Btj) :
0 =0

The stochastic integral defined on the space £ of simple processes has the following prop-
erties:
1. Linearity: For any a,b € R, and simple processes u,v € &,

/ (auy + bvy) dB; = a/ u,dB; + b/ v dB;.
0 0 0

0

In fact, assuming that u is given by (8), and taking into account that the random variables
¢j and By, ., — By, are independent, we obtain

2. Zero mean: For any u € &,

) n—1 n—1
E ( /0 utdBt) => E[¢;(Bi,,, — B,)] =Y E(¢;)E(B,,, — B;,) =0.
j=0 Jj=0

3. Isometry property: For any u € &,

(/OooutdBt>2 :]E(/Oooufdt>.

Proof. Assume that v is given by (8). Set AB; = By, — By;. Then

0 T

E

E (¢i¢;AB;AB;) = { E (¢2) (

18



because if ¢ < j the random variables ¢;¢;AB; and AB; are independent, and if i = j the
random variables ¢? and (AB;)? are independent. So, we obtain

9] 2 n—1 n—1
E </0 utdBt) = Z E (¢:ip;AB;AB;) = ZE (07) (tiga — ti)
i,j=0 i=0

_ ]E(/Oooufdt>.

The extension of the stochastic integral to the class L?(P) is based on the following
density result.

]

Proposition 4.1. The space € of simple processes is dense in L*(P).

Proof. We first establish that any v € L?(P) can be approximated by processes continuous
in L2(2). Then our result will follow if we show that the simple function are dense in the

space of L%(€))-continuous processes.
If u belongs to L?(P), we define

t
W =n / uds.
(t—2)vo
(n)

The processes u,” are continuous in L*(2) and satisfy
o0 2
lim E ( / dt) = 0.
n—oo 0

2
u(w) — ()| =0,

u — ul™

Indeed, for each w we have

and we can apply the dominated convergence theorem because

/ ul (w)’ dt < / ()| dt.
0 0

Suppose u € L*(P) is continuous in L?(Q2). In this case, we can choose the approxi-

mating processes u,ﬁ"’N) € & defined by
n—1
n,N
ug ) = Z utj]‘(tjvtjﬂ](t)v
j=0

where t; = ]TN The continuity in mean square of u implies that

o 2 o0
E(/ dt) gE(/ u?dt) +N sup E(Ju —usf).
0

N [t—s|<N/n
This converges to zero if we first let n — oo and then N — oo. ]

N
u — ul™

19



Proposition 4.2. The stochastic integral can be extended to a linear isometry
I: L*(P) — L*().

Proof. The stochastic integral of a process u in L?(P) is defined as the following limit in

mean square
[e.@]

I(u) = lim uW"dB,, (9)

n—oo 0

where (™ is a sequence of simple processes which converges to u in the norm of L?(P).
Notice that the limit (9) exists because the sequence of random variables fooo ugn)dBt is
Cauchy in L?(Q2), due to the isometry property
o0 2
=F (/ (uin) — ugm)> dt)
0

0o o) 2
( / WdB, — / u,E’")dBt>
0 0
© 2 © 2
< 2E ( / (ugm _ ut) dt) +2E ( / (ut . ugm) dt) im0
0 0

On the other hand, it is easy to show that the limit (9) does not depend on the approxi-
mating sequence u(™. O]

E

The stochastic integral has the following properties: for any u,v € L*(P),

E(I(w) =0 and E(I(u)I(v))=E </Oo° usvsds) |

For any T" > 0, we set

T [e)
/ usdBy = / us o7 (s)dBs, (10)
0 0

which is the indefinite integral of u with respect to B. Notice that in order to define

¥ usd By, we only need that u € L2(P), where

L3(P) := L*(2 x [0, T], Plaxp.r], P % 0).
Example 4.4. For any T' > 0, we have

/TBdB—lB2 L
o T T 9T

Indeed, the process B being continuous in mean square, we can choose as approrimating
sequence

n—1
ugn) - Z NI OF
=0

20



where t; = %T, and we obtain, using Proposition 3.2,

T n—1
/ BdB, = lim » By (By., — B)

n—1 n—1

1 . 2 ) 1 . 2
- 5,}5202 (Btj+1 - Btj> - §n1£1010 ' (Btj+1 - Btj)
7=0 7=0
1 1
= —B:--T
2T 27

where the convergence holds in L*(2).

4.2 Indefinite stochastic integrals

We denote by L2 (P) the set of progressively measurable process such that E ( fot ugds) <

oo for each ¢ > 0. For any process u € L2 (P), we can define the indefinite integral process

t
{/ usdBg, t > O}.
0

Indefinite integrals have the following properties:

1. Additivity: For any a < b < ¢, we have

b c c
/ usdB, —|—/ usd B, :/ usdBs;.
a b a

2. Factorization: If a < b, and F'is a bounded and F,-measurable random variable, then

b b
/FusdBS:F/ UsdBs.

Proposition 4.3. Let u € L2 (P). Then, the indefinite stochastic integral

3. Martingale property:

t
Mtz/ wdB,, >0,
0

is a square integrable martingale with respect to the filtration (Fi)i>o0 and admits a contin-
UOUS VETSLon.

Proof. We first prove the martingale property. Suppose that u € £ is a simple process of
the form

n—1
Ut = Z ¢j1(tj¢j+ﬂ(t)'
=0

21



Then, for any s < t,

t n—1
E (/ uvdBU]fS) = ZE (¢j(Btj+1/\t — Btj/\t)‘}—s)
0

j=0

n—1
= ZE (E (925] (Btj+1/\t - BtjAt>|*Ej\/S) |Fs)
=0

= Z E (%E (Btj+1At - Btj/\t|~7:tjv$> |Fs)

n—1

= Z(ﬁj(Btj+1As - Btj/\s) = / uvdBv-
7=0

0

So, M, = fg usdB, is an F-martingale if u € &.
Fix T > 0. In the general case, let u(™ be a sequence of simple processes that converges
to u in LA(P). Then, for any ¢ € [0, T,

/ umdB, = / u.dB..
0 0

Taking into account that the convergence in L*(2) implies the convergence in L*(2) of the

conditional expectations, we deduce that ( fot uSdB5> o is a martingale. This holds for
te0,T

any T' > 0, which implies that the indefinite integral process is a martingale on R.

Let us prove that the indefinite integral has a continuous version. Let u € L2 (P) and
fix T > 0. Consider a sequence of simple processes u(™ which converges to u in L2(P). By
the continuity of the paths of Brownian motion, the stochastic integral Mt(n) = f[f ul™ dB;
has continuous trajectories. Then, taking into account that M (™ is a martingale, Doob’s
maximal inequality yields for any A > 0,

1
P ( sup |Mt(”) _ Mt(m)| > A) < —E <|M}n) _ M;m)|2>

0<t<T A2

- =([

We can choose an increasing sequence of natural numbers ny, kK = 1,2, ... such that

u§ )—ut } dt) 0.

P ( Sup |Mt(nk+1) _ Mt(nk)| > 2—k> <9k,
0<t<T
The events Ay, := {Supogth |Mt(nk“) - Mt(n’“)] > 2"“} satisfy

ip Ak <OO
k=1
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Hence, the Borel-Cantelli lemma implies that P(lim sup,_, ., Ax) = 0. Set N = lim sup;_, . Ax.
Then for any w ¢ N, there exists ki(w) such that for all k£ > ky(w),

sup | M (w) — M™ (w)] < 27,
0<t<T

As a consequence, if w ¢ N, the sequence Mt("’“)(w) is uniformly convergent on [0, 7] to

a continuous function J;(w). On the other hand, we know that for any ¢ € [0, 7], M)
converges in L*(Q) to [ usdB,. So, Ji(w) = [; usdB, almost surely, for all ¢ € [0, T]. Since
T > 0 is arbitrary, this implies the existence of a continuous version for (M;);>. O

4. Mazimal inequalities: For any T, A > 0, and u € L2 (P),

1 T
Pl sup [My|>X] < —E (/ ufdt) , (11)
te(0,7 A 0
T
E [ sup |M > ]| <4E (/ ufdt). (12)
te[0,T] 0

These inequalities are a direct consequence of Proposition 4.3 and Doob’s maximal inequal-
ities. We remark that if u belongs to L?(P), then these inequalities also hold replacing T
by oo.

and

5. Quadratic variation of the integral process:

Proposition 4.4. Let u € L2 (P). Consider a subdivision of the interval [0, ]
T={0=ty <ty <---<t,=t}

Then, as |7| — 0,

n—

2
ti+1 1 t
S2(u) = Z (/ uSdBS> iy /0 u?ds. (13)
= t

1
=0

Proof. As a consequence of the quadratic variation property of Brownian motion (see
Proposition 3.2), it is easy to see that (13) holds when u € €. Let u € L% (P). Fix € > 0

and let v € € such that .
E (/ (us — vs)st) < e (14)
0
Then, we write

E (}Sfr(u) _ /Otugds‘) <E (|S2(u) — S2(0)]) + E (\s};(v) - /Otvfdso



As (13) holds for v € &, the second summand converges to 0 as |7| — 0. On the other

hand, since u? —v? = (u, + v,)(us — v), using Cauchy-Schwarz inequality and (14), we

obtain
B (1 [ - tias]) < el ( [ s uras) }m
calfo([ )} )

E (|S2(u) = S2(0)]) < ve ({E (/0 ugds) }1/2 i ﬁ) |
Therefore,

imsup (}S;i(u) - /Ot ugds]) <2/e ({E (/Ot ugds> }1/2 ) \/g> .

Taking into account that e > 0 is arbitrary, we get the desired convergence. [

Similarly,

As a consequence of this proposition and Burkholder-Davis-Gundy inequality, we get
the following result.

Theorem 4.5. Let u € L (P). Then, for any p > 0 and T > 0, we have

T £ t p T £
cE / ugds <E| sup / usd B, < CE / ugds .
0 tefo,1] |Jo 0

6. Stochastic integration up to a stopping time:
Proposition 4.5. Suppose that u € L*(P) and let T be a finite stopping time. Then, the
process ul ;1 also belongs to L*(P), and we have

/ Ut].[oﬂ-] (t)dBt :/ UtdBt.
0 0

Proof. Suppose first that u; = F1(,4(t), where 0 < a < b, F € L*(Q, F,, P), and 7 takes
values in a finite set {0 =tg < t; < --- < t,}. On one hand, we have

/ wdBy = F(Bb/\r - Bam)-
0

On the other hand, the process 1) is simple because

[y

n—

1o (t> = 1{T2tj+1}1(tj»tj+1] (t)>

<.
Il
o
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and 1g> = 1{;<4,3c € Fy;. Therefore,

j+1}
00 n—1 00
/ wlon(t)dB, = F Z Lir>t;40) / (a1t 1] (t)dB;
0 s 0
- FZ 1{T=tz‘}/ L(a,p)n0,t:] (t)d By
i=1 0
= F(Bb/\T - Ba/\r)~

For a general finite stopping time 7, we approximate 7 by the sequence of stopping times

Tp = Z?j: 2%1{2-2;”1§T<2%}, that satisfy 7,, | 7. Taking the limit as n tends to infinity we

deduce the equality in the case of a simple process.
In the case of a general process u € L*(P), we approximate u by simple processes u(™
in the norm of L?*(P). The convergence

T 2 T
/ W, 78 / wdB,
0 0

follows from the maximal inequality (12) when 7" = oco. In fact,

. - 2 t
E( / uW"dB, — / wdB, > < E(sup / [ul™ — u,)dB,
0 0 t>0 0
4E </ ul™ — us|2ds) :
0

We observe that Proposition 4.5 also holds when u € L? (P) and 7 is bounded.

)

IN

4.3 Integral of general processes

The stochastic integral can be defined for a class of processes larger than L2 (P). Let
L? (P) the set of progressively measurable processes u = (u;);>0 such that for all ¢ > 0,

loc
t
P(/ u§d3<oo> = 1.
0

(P). For each n > 1, we define the stopping time

t
Tn:inf{tzO:/uzds:n}, (15)
0

and the sequence of processes ul(f”) = w1po,1,](t), which belong to L*(P).

2
loc

Suppose that u € L

25



Proposition 4.6. Let u € L}, (P). Then, there exists an adapted and continuous process

(f(f uSdBS> such that for any n > 1,
>0

t t
/ug”>st_/ usdBs, on t<T,.
0 0

Proof. 1f n < m, as a consequence of Proposition 4.5, we have that on the set {t < T,},

t t
/ uMdB, = / u{™dB,. (16)
0 0
We define . .
/usstz/ ug")dBS7 on t<T,.
0 0

By (16), this definition does not depend on n and produces an adapted and continuous
process because T), 1 co. O

If u e L} (P), the process (M,;)i>o defined by M, = fg usdB; is a continuous local

loc
martingale; that is, there exists a sequence of stopping times T, 1 oo (we can take the

stopping times defined in (15)), such that for each n > 1, (Mar, )i>0 is a martingale.
Instead of the isometry property, the stochastic integral of processes in L? (P) has the
following continuity property in probability.

Proposition 4.7. Suppose that u € L2 _(P). Then, for all K,6,T > 0, we have

T T 5
P(/usdBSZK)§P</ u§d525>+—2.
0 0 K

Proof. Consider the stopping time defined by

t
T:inf{tEO:/ugds:é},
0

with the convention that 7 = T if fOT u?ds < §. We have

T T
P(/ usd B, zK) < P(/ uﬁdszé)
0 0

T
+P < / usd B,
0
On the other hand,

T
ZK,/ u?dsS(S).
0




which concludes the proof. ]

As a consequence of the above proposition, if u(™ is a sequence of processes in L .(P)
that converges to u € L2 (P) in probability, that is, for all ¢ > 0 and T > 0,

loc
> 6) =0,

T
n11_>noloP (‘/0 {ul —us}"ds

then the sequence fOT u? dBs converges in probability to fOT us dBy, for all T' > 0.
Moreover, we can show that for all u € L} (P)and t > 0,if r={0=ty <t; <--- <
t, =t} denotes a subdivision of the interval [0, ¢], we have that as |x| — 0,

2

n-! i1 P t
/ usdBs | — / ulds. (17)

J]=

4.4 1td’s formula

[to’s stochastic integral does not follow the chain rule of classical calculus. For instance,
in Example 4.4, we have shown that

t

t
1
BydB; = -=B* — -, 18
/0 ot 9 ( )

whereas if x; is a differentiable function such that xq = 0,

t t 1
/ redrs = / rorids = —xt.
0 0 2

Equation (18) can also be written as
¢
B? :/ 2B.dB;, + t.
0

That is, the stochastic process B? can be expressed as the sum of the indefinite stochastic
integral fot 2B,d B, plus a differentiable function. More generally, [t0’s formula below shows
that any process of the form f(B;), where f is twice continuously differentiable, can be
expressed as the sum of an indefinite Ito’s integral, plus a process with differentiable
trajectories. This leads to the definition of Itd process.

Denote by L, .(P) the space of progressively measurable processes v = (v;);>0 such that

loc
for all t > 0,
t
P</ \vs|ds<oo) =1
0

Definition 4.6. A continuous and adapted stochastic process (Xi)i>o is called an Ité pro-
cess if

t t
X=Xy + / u,dB; + / v,ds, (19)
0 0

where uw € L2, (P), v € L},.(P), and X, is an Fo-measurable random variable.
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Notice that Fp-measurable random variables are constant a.s.
We say that a function f: R, x R — R is of class C1? if it is twice differentiable

with respect to the variable x € R and once differentiable with respect to ¢t € R, , with

af 92f

af
500 azz> and 5p

continuous partial derivatives

Theorem 4.7 (Ito’s formula). Let f: R, x R — R be a function of class CY2. Suppose
that X is an Ité process of the form (19). Then, the process Yy = f(t, X;) is again an [to
process with the representation

Yt:f(O,Xo)—l—/ g—f(s,Xs)ds—l—/ %(S,Xs)usst

Lorf
/asX)vsd—i- aQ(SX)ids,

which holds a.s., for all t > 0.

Remark 4.8. 1. Notice that all the integrals in (20) are well-defined, that is, the pro-
cesses 38{(8 Xs), gi(s Xs)vs, and o f(s X u? belong to L},.(P), and %(S,Xs)us belongs
to Liye(P)-

2. We set (X); = fot u?ds, that is, (X); is the quadratic variation of the local martingale

f(f usdBs in the sense of (17). Then (20) can be written as

L2y

[ Ga(s, X)a(x).

Y}:f(O,XO)%—/() %(87X8)d8+/0 %(S,XS)dXS+

3. In differential notation, we write
dXt = UtdBt -+ Utdt,
and Ito’s formula can be written as

of
ot

art.x) = 2t xpar+ O 1 xpax + 100 x,) ax,y?

where (dX,)* is computed using the product rule

X dB; | dt
dB, | dt |0
a |0 0

Notice also that (dX,;)* = u2dt = d(X),.
4. In the particular case uy = 1, vy = 0, and Xy = 0, the process X is the Brownian
motion B, and Ito’s formula has the following simple version

82
£t By) = £(0,0) + /a (s, B.)dB, +/ 8tsB)d+ a{( B.)ds.
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Proof of Theorem 4.7. We will do the proof only in the case that v; = 0, that is,
t
Xt = XO +/ USdBS,
0

and f does not depend on t. The extension of the proof to the general case is easy and we
omit the details. We claim that

f(Xy) = f(Xo) +/0 f'(Xs)usdBg +%/o (X )ulds.

By a localization argument, we may assume that f € CZ(R), [~ u2ds < N, and
sup;sq | X¢| < N, for some integer N > 1, such that |Xo| < N. In fact, consider the
sequence of stopping times

¢
TN:inf{tZO:/ugdSZN, or |Xt|2N}.
0

Let fy: R — R be a function in CZ(R) such that f(z) = fy(x) for |[z|] < N. Then, if

uf™ = uljo,my)(t), and

t
XM = X+ / uMdB,,
0

by It6’s formula we would get

t 1 t
In(X) = fu(Xo) + / fn(XP)uMdB, + 5 / IR (X)) ?ds.
0 0

By Proposition 4.6,
N) TN At
Xt( = XO -+ / usst = XTN/\t7
0

and TNt TN At
J(Xryn) = f(Xo) + /0 J'(Xs)usdBs + 3 /0 (X )ulds.

Then, we let N — oo to get the result.
Consider the uniform partition 0 =ty < t; < --- <t, =t, where t; = % We can write,
using Taylor’s formula

i
L

f(Xt) - f(XO) = . [f(Xti+1> - f(th)}

S
Il
o

i
L

n—

F(X0)(X, X))

i1l i

N | —

= f/(Xti)<Xti+l - th) +

1
7 1=0

Il
o

where X; is a random point between X, and X, .
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It is an easy exercise to show that

L%(Q

Zf/(Xti)(Xti+1 - th) —Q/ f,(XS)uSdB& (21)
i=0 0

as n tends to infinity.
For the second term, we write

t n—1 _
| s = 3 (X, - X
0 i=0
n—1

=2 /t P - ()] ks

1=0

n—1 tit1 tit1 2
+) (X / ulds — ( / uSdBS)
i=0 ti L

n—1 _ ti+1 2
Y00 - &) ([ was,)
i=0 12
— AT AT AL

Then, it suffices to show that each term A} converges to zero in probability.
We have

t
A< s 170X) = )] [ s
0

[s—r|<t/n

and
2

. ntt tit1
A< sup 1K) — SR ( / usst)
t;

0<i<n-—1 i—0

Taking into account that f” and X are continuous together with Proposition 4.4, we obtain
that both expressions converge to zero in probability as n tends to infinity.

. . 2
Using that the sequence &; = ftt;“ u?ds — ( Lt;“ usst> is bounded, and satisfies
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we obtain

n—1

B4 = 3B < I DB

—0

n—l tit1 2 tit1 4
< 212D E (/ ugds) + (/ usst>

=0 ti ti

tit1
< 2|lf"IAE Nsup/ u?ds
7 t;
n—1 tit1 2
+ Sup |Xti+1 - Xti|2 Z (/ usst> ;
¢ i=0 i
which converges to zero as n — oo. This completes the proof. ]

Example 4.9. 1. If f(x) = 2% and X; = B;, we obtain
t

B? = 2/ B,dB, +1,
0

because f'(x) = 2x and f"(x) = 2.
2. If f(z) = 2* and X; = By, we obtain

t t
B :3/ deBs+3/ B.ds,
0 0
because f'(z) = 32* and f"(x) = 6x. More generally, if n > 2 is a natural number,
t ) g
B = n/ B ldB, + M/ B2ds.
0 2 0
3. 1If f(t,x) = eagc_ét , X, =B, and Y, = e"Bi_gt, we obtain

t
Yt=1+a/ Y;dB;,
0

because

af . 10%f
ot 2 0x?
In particular, the solution to the stochastic differential equation

~0. (22)

dYy = aYydBy, Yy =1,

2
. _a_
is not Y, = Pt but Y, = e*Br—71,
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4. If a function f of class CY? satisfies equality (22), then,

Lo
£t B) = £(0,0) + /0 % (s, B.)a.

This implies that f(t, B;) is a continuous local martingale. The process is a square inte-

grable martingale if
t af 2
E /0v (%(8, Bs)) ds| < o0,

for allt > 0.

4.5 Multidimensional It6’s formula

[to’s formula can be extended to a multidimensional setting as follows. Suppose that
B = (By)i>0, B: = (B}, BZ, ..., B"), is an m-dimensional Brownian motion.

Definition 4.10. An n-dimensional continuous and adapted process (Xi)i>o is called a
multidimensional Ito process if

t t
X, =Xo+ / us,dB, + / veds, (23)
0 0

where v = (V)0 1 an n-dimensional process and u = (uy)i>0 1S a process with values in
the set of n x m matrices, and we assume that the components of u belong to L2, (P) and
those of v belong to L}, .(P).

loc

We say that a function f: R, x R® — R is of class C'? if the partial derivatives %,

of

of .o . .
Food and R 1 <1,7 < n, exist and are continuous.

Theorem 4.11 (Multidimensional It6’s formula). Suppose that X is a multidimensional
Ito process of the form (23). Let f: R, x R® — R be a function of class CY2. Then, the
process Yy = f(t, Xy) is again a multidimensional Ité process with the representation

Ve j0.50)+ [ B s+ [ s xax:

almost surely, for all t > 0.

Proof. The proof follows along the same lines as the one-dimensional 1t6’s formula (Theo-
rem 4.7). O
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Remark 4.12. 1. Set
o t t m
(X7, X7, = / (ueuD)igds = [ 3 (ws)in(uss) s,
0

That is, (X, X7); is the quadratic covariation of the local martingales
Yoy fot(us)z-kng and Y -, fot(us)jkdBf. Then, Ité’s formula can be written in the form

t 8 n t a )
Yt:f(O,Xo)Jr/ a—{(s,Xs)ds—l—Z/O a—j(s,Xs)dX;

+z Z/ o axj X)d(X?, X7,

2. In differential notation, multidimensional Ito’s formula can be written as

of "L 92f _—
dY; = = (6, Xo)dt + Vf(t, X,)dX, + 3 JZ_ 8$zaxj(t,Xt)dXth§.

The product of differentials dXtidth is computed by means of the product rules: dBidt =0,
(dt)* =0 and
o 0 ey
T LA
dt ifi=j.

3. As an application of the multidimensional It6’s formula we can deduce the following
integration-by-parts formula. Suppose that (X;);>o and (Y;)i>o are one-dimensional It
processes. Then,

t t t
XY = XoYo + / XY, + / Y,dX, + / d(X, V), (24)
0 0 0

4.6 Stratonovich integral

The Ito’s integral has been defined as the limit in L?(2) or in probability of forward
Riemann sums. If we consider symmetric Riemann sums defined by taking the value of
the integrand in the middle point of each interval, we obtain a different type of integral,
called Stratonovich integral. In the next proposition we define the Stratonovich integral of
an [to process with respect to another one.

Proposition 4.8. Let (X;)i>0 and (Y:)i>0 be two Ito processes of the form

t t
X, :X0+/ udes+/ vfds,
0 0
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and

t t
Yi=Y, +/ u) dB, +/ v ds,
0 0

where uX u¥ € L2 (P) and v¥,vY € LL(P). Let 1 ={0=tyg <t; <---<t,=1} bea
partition of the interval [0, ]. Then, as || — 0,

n—1 t

1 1
E E(KJ + }/;j+l>(th+l - th) i) / Yod X, + §<X7 Y>t'
=0 0

This limit 1s called the Stratonovich integral of Y with respect to X and is denoted by
[3 Y, 0dX,.
Proof. The result follows easily from the decomposition

1 1

5(}/tj + )/t]'+l>(th+l - th) = }/t]' (th+1 - th) + 5(1/;
and the following property: as || — 0,

J+1 Ytj)(th+1 - th)7

—_

n—

t
Y, —}Qj)(th+l—th)i>/ uXuY ds.
0

J+1

<.
Il
=)

]

The Stratonovich integral follows the rules of the classical calculus. That is, if f €

J(Xy) = f(Xo) + /f ) o dX,.

Indeed, by It6’s formula (Theorem 4.7) and Proposition 4.8,

f(Xy) = f(Xo)+ /f $)dXs + = /f”

= f(Xo) /f odX—§<f XY+ = /f”

On the other hand, again by It6’s formula, (f'(X), X); is the quadratic covarlatlon between
the martingales fot J"(Xs)usdBs and fotu dB,, which coincides with fo (X)) d(X)s.

4.7 Integral representation theorem

Consider a process u in the space L2 (P). We know that the indefinite stochastic integral

t
Xt:/ USst
0

is a martingale with respect to the filtration (F;);>o. The aim of this subsection is to
show that any square integrable martingale is of this form. We start with the integral
representation of square integrable random variables.
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Theorem 4.13 (Integral representation theorem). Fiz T > 0 and let F € L*(Q, Fr, P).
Then, there exists a unique process u in the space L2(P) such that

T
F=E(F)+ / usdB;.
0
Proof. Suppose first that

T A
F =exp (/ hsdBg — —/ h?ds) , (25)
0 2 Jo

where h € L*([0,T]). Define

t 1 t
Yt:exp(/ hsst—§/h§ds>, 0<t<T.
0 0

By Ito’s formula applied to the function f(x) = e* and the process X; = f[f hsdB, —
L [ h2ds, we obtain for all ¢ € [0, 77,

t
Y, =1 +/ Y hdBs.
0

Hence,
T
F=1 —1—/ Y. h,dBs,
0

and we get the desired representation because E(F) = 1 and Yh € L? (P). By linearity,
the representation holds for linear combinations of exponentials of the form (25).

In the general case, any random variable F' € L*(Q, Fr, P) can be approximated in
L?(2) by a sequence F}, of linear combinations of exponentials of the form (25). Then, we
have

T
F, =E(F,) + / uMdB,.
0

By the isometry of the stochastic integral,

E[(F, - F,)? > Var(F,-F,)=E

Hence, u™ is a Cauchy sequence in LZ(P) and it converges to a process u in LZ(P).
Applying again the isometry property, and taking into account that E(F},) converges to
E(F), we obtain

T
F = lim F, = lim (E(Fn)+ / ug">st)
n—oo n—oo 0

T
= ]E(F)+/ usdB,.
0
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Finally, uniqueness follows also from the isometry property. Indeed, suppose that u(")
and u® are processes in L2(P) such that

T T
F =TE(F) +/ uVdB, = E(F) +/ u?dB,.
0 0

T
([ i)
0

and, hence, u{” (w) = v () for almost all (w, s) € Q x [0, T]. O

Then,
2

0=E

Corollary 4.14 (Martingale representation theorem). Suppose that M = (M;)i>o is a
square integrable martingale with respect to (Fi)i>o0. Then, there exists a unique process
u € L2 (P) such that

t
M, = E(M,) + / usdBs.
0
In particular, M has a continuous version.

Example 4.15. We want to find the integral representation of F' = B3.. By Ité’s formula,

T T

and using the integrating by parts formula (24) yields

T T T
/ B,dt =TBr — / tdB, = / (T —t)dB;.
0 0 0

So, we obtain the representation
T
B;_/ 3[B}+ (T —t)] dB..
0

Exercises

1. Use Itd’s formula in order to compute E(B}). Do it again for E(B?). Write a
recurrence formula in order to compute E(BP) in terms of E(B;?).

2. Show that for any x € R, the process
t
X, = / sign(Bs; — x)dBs, t>0,
0

is a Brownian motion.

Hint: Apply Ito’s formula to the process eMX¢=Xs),
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3. Let B be a Brownian motion. Using [t6’s formula check whether the following pro-
cesses are martingales:

(a) X — 3tB;.
(b) X t2Bt -2 fo sB,ds.
(c) X 2 cos By.
(d) X 2sin B;.
(e) X

4. Let By and B two independent Brownian motions. Show that Bj(t)Bs(t) is a mar-
tingale.

(Bt + t) eXp( Bt - %t)

5. Let B be an m-dimensional Brownian motion. Consider a partition 7 = {0 = ¢, <
ty < --- <t, =t} of the interval [0,¢]. Show that if i # j, as |7| — 0,

n—1

k=0

2
@y,

6. Find the stochastic integral representation on the time interval [0, 7] of the following
random variables:

T T
Br, B, eP7, / Bdt, B3, sin By, / tB?dt.
0 0
7. Let p(t,xr) = 1//1 —texp(—22/2(1 —t)), for 0 <t < 1, z € R, and p(1,z) = 0.
Define M, = p(t, By), where (By)co] is @ Brownian motion.
(a) Show that for each 0 <t < 1,

" op

M, = M,
t= Mo+ 0 Ox

2L (s, B,)dDBs.

(b) Set H, = 22(¢, B,). Show that fol HZ2dt < oo almost surely, but

([ )
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5 Derivative and divergence operators

In this section we introduce the derivative and divergence operators in the context of an
isonormal Gaussian process on a Hilbert space H.

5.1 Derivative operator

Consider an isonormal Gaussian process B = {B(h),h € H} on a separable Hilbert space
H. We will introduce the derivative of a random variable F': {2 — R as a random element
that takes values in H, that is, DF € L*(Q; H).

The basic example will be H = L*(R..). In this case B, = B(1jpy), t > 0, is a Brownian
motion and B(h) = [;° h(t)dB; is the Wiener integral of h. The derivative of F, (D,F);>q
is a stochastic process.

We start by defining the derivative in a dense subset of L?(2). More precisely, consider
the set S of smooth and cylindrical random variables of the form

F = f(B(h),...,B(hn)), (26)

where f € C3°(R") (f and all its partial derivatives have polynomial growth order) and
h;, € H.

Definition 5.1. If F € S is a smooth and cylindrical random variable of the form (26),
the deriwative DF' is the H-valued random variable defined by
DF = B(hy),...,B(hy,))h;.
Za ( ( 1)7 ) ( ))

i

i=1
For instance, D(B(h)) = h.

Remark 5.2. In the Brownian motion case (By)icpor), defined on the Wiener space € =
C([0,T)), the derivative operator can be interpreted as a directional derivative. Consider
the Cameron-Martin space H' C Q, which is is the set of functions of the form (t) =
f(f h(s)ds, where h € H = L*([0,T]). Then, for any h € H, (DF,h)y is the derivative of
F' in the direction of [, h(s)ds:

€

T d .
(DF, k) _/ hDiFdt =~ F (w —i—e/ hsds> leo.
0 0

For example, if F' = By,, then

. t1
F <w + 6/ hsds) =w(ty) + (—:/ hgds,
0 0

50, (DF, h)yr = [ hods, and DiF = 1p,4,)(t).
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The operator D defines a linear and unbounded operator from S C L?(2) into L?(2; H).
Let us now introduce the divergence operator. Denote by Sy the class of smooth and
cylindrical H-valued random elements of the form

w =y Fhy, (27)
j=1

where F; € S and h; € H.

Definition 5.3. We define the divergence of an element u of the form (27) as the random

variable given by

() = Y FiB(hy) = Y (DFj. by}

j=1

In particular, for any h € H we have §(h) = B(h).
As in the finite-dimensional case, the divergence is the adjoint of the derivative operator,
as is shown in the next proposition.

Proposition 5.1. Let FF € S and u € Sy. Then
E(Fé(u)) =E((DF,u)y).
Proof. We can assume that F' = f(B(hy)...,B(h,)) and

u= Zgj(B(hl) <o B(hn))hj,

where hy,...,h, are orthonormal elements in H. In this case, the duality relationship
reduces to the finite-dimensional case proved in Proposition 2.4. O

We will make use of the notation Dy F = (DF,h)y for any h € H and F € S. The
following proposition states the basic properties of the derivative and divergence operators
on smooth and cylindrical random variables.

Proposition 5.2. Suppose that u,v € Sy, FF € S, and h € H. Then, if (€;)i>1 is a
complete orthonormal system in H, we have

E(3(u)s(v)) = E<<u,v>H>+E(ZDei<u,ej>HDej<v,ei>H), (28)

Dp(6(w)) = d(Dpu) + <h,u>H,’ : (29)
§(Fu) = Fo(u)— (DF,u)y. (30)

In the Brownian motion case, Property (28) can also be written as

E(5(u)5(v)) = E ( /0 h utvtdt) +E ( /0 h /0 h DsutDtvsdsdt).
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Proof of Proposition 5.2. We first show property (29). Consider u = 7, Fjh;, where
F; e Sand h; € H for j =1,...,n. Then, using D,(B(h;)) = (h, hj)u, we obtain

n n

Du(5(u)) = Dh(ZﬂBwj)—Zij,h»H)

— i Ej(h, i) + i(DhFjB(hj) — (Dn(DE;), hj) )

To show property (28), using the duality formula (Proposition 5.1) and property (29), we
get

E@(w)i(v)) = E({v, D(0(u)))y)

fﬁ (v.e)y z-<6<u>>)
e D ({weds + 8000 ) )
= E((u,v),)+E < > D.(u.e;)u D, <U,ei>H>_

ij=1

Finally, to prove property (30) we choose a smooth random variable G € § and write,
using the duality relationship (Proposition 5.1),

E(6(Fu)G) = E((DG,Fu)y)=E({u, D(FG) — GDF),)
= E((6(u)F = (u, DF);)G),

which implies the result because S is dense in L?*(Q). O

5.2 Sobolev spaces

The next proposition will play a basic role in extending the derivative to suitable Sobolev
spaces of random variables.

Proposition 5.3. The operator D is closable from LP(Q) to LP(Q2; H) for any p > 1.
Proof. Assume that the sequence Fy € S satisfies

Fy 290 and DRy "D

as N — oo. Then n = 0. Indeed, for any u = 377 | G;h; € Sy such that G;B(h;) and
DG are bounded, by the duality formula (Proposition 5.1), we obtain

E((n.u)n) = Jim E(DFy,un)
= lim E(Fyé(u)) = 0.
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This implies that n = 0, since the set of u € Sy with the above properties is dense in
LP(Q2; H) for all p > 1. O

We consider the closed extension of the derivative, which we also denote by D. The
domain of this operator is defined by the following Sobolev spaces. For any p > 1, we
denote by D the closure of S with respect to the seminorm

I1Fllp = (B(FP) + E (| DF[)""
In particular, F' belongs to D*? if and only if there exists a sequence F,, € S such that

F,29F and DE, ") DR
as n — 0o. For p = 2, the space D!? is a Hilbert space with scalar product
(F,G)12 =E(FG)+E(DF,DG)y).

In the same way we can introduce spaces D'?(H) by taking the closure of Sy. The
corresponding seminorm is denoted by || - ||1 5.5
The Malliavin derivative satisfies the following chain rule.

Proposition 5.4. Let ¢: R — R be a continuous differentiable function such that |¢'(x)| <
C(1+ |x|®) for some a > 0. Let F € DY for some p > a+1. Then, o(F) belongs to D™,
where ¢ = p/(a + 1), and

D(p(F)) = ¢/(F)DF.

Proof. Notice that |p(z)] < C'(1 + |z|*™!), for some constant C’, which implies that
o(F) € L1Q) and, by Holder’s inequality, ¢'(F)DF € L4(Q; H). Then, to show the
proposition it suffices to approximate F' by smooth and cylindrical random variables, and
© by ¢ * «,, where o, is an approximation of the identity. ]

We next define the domain of the divergence operator.

Definition 5.4. The domain of the divergence operator Dom¢ in L*(Q) is the set of
random elements u € L*(Q; H) such that there exists 6(u) € L*(Q2) satisfying the duality
relationship

E(DF, u)n) = E(6(u)F),
for any F € D2,

Observe that § is a linear operator such that E(d(u)) = 0. Moreover, § is closed; that
is, if the sequence u,, € Sy satisfies

2 . 2
Un, PO and d(uy) sy G,

as n — 00, then u belongs to Dom ¢ and §(u) = G.
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Proposition 5.2 can be extended to random variables in suitable Sobolev spaces. Prop-
erty (28) holds for u,v € D"*(H) C Dom ¢ and, in this case, for any u € D"?(H) we can
write

E(0(w)?*) <E(luli) +E (I1Dullfen) = im0

Property (29) holds if v € D"?(H) and Dyu € Domd. Finally, property (30) holds if
FeD"? Fue L*(Q;H), u € Domd, and the right-hand side is square integrable.

We can also introduce iterated derivatives and the corresponding Sobolev spaces. The
kth derivative D*F of a random variable F' € S is the H®*-valued random element obtained
by iteration:

i1y0yip=1 Oy - Oy,

For any p > 1, the operator D* is closable from LP() into LP(Q; H®*), and we denote by
D*P the closure of S with respect to the seminorm

k 1/p
[Elxp = (E(\F\p) +E (Z\!DjFl\?f@j)) :

Jj=1

For any k > 1, we set DF> := M 5,DFP D2 1= M5 DF2 and D := N>, D, Similarly,
we can introduce the spaces DFP(H).

These spaces satisfy that for any ¢ > p > 2, and ¢ > k, D% C D*P. We also have the
following Holder’s inequality for the || - || -seminorms.

Proposition 5.5. Let p,q,7 > 2 such that zl> + é =1 Let F € D*? and G € D9, Then,

FG belongs to D*", and
IFGller < parll FllepllGllig-

Proof. The result follows from the Leibnitz rule and Holder’s inequality. ]

Remark 5.5. In the Brownian motion case, H = L*(Ry) and we identify the Hilbert
space L*(Q2; H) with L*(Q2 x Ry). In this form an element u € L*(Q; H) = L*(Q x Ry) is
a stochastic process u = (u;)i>0. Moreover L*(S2; H®®) can be indetified with L*(2 x R%),
and D*F is a k-parameter process denoted by

DkF:(Dfl ..... th)tl ..... t,>0-

5.3 The divergence as a stochastic integral

Consider the case of the Brownian motion B = (B;);>o. The derivative operator is local in
the following sense. Let [a,b] C Ry be fixed. We denote by Fi,; the o-field generated by
the random variables {B; — By, s € [a, b]}.
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Lemma 5.6. Let F' be a random variable in D N L*(Q, Fiop, P). Then D,F = 0 for
almost all (t,w) € Q x [a, b]°.

Proof. If F belongs to S N L*(, Fap, P) then this property is clear. The general case
follows by approximation. [

The following result says that the divergence operator is an extension of Ito’s integral.
Recall that (F;):>o is the filtration generated by the Brownian motion.

Theorem 5.7. Any progressively measurable process u in L*(P) C L*(Q2 x R,) belongs to
Dom d and §(u) coincides with Ité’s stochastic integral

o(u) = /OO wdBy.
0
Proof. Consider a simple process u of the form
n—1
Ut = Z ¢j1(t]’¢j+ﬂ(t)7
§=0

where 0 <ty <t; < --- <1, and the random variables ¢; € S are Ji;-measurable. Then
d(u) coincides with the It6 integral of u because, by (30),

n—1 n—1 tit1 n—1
5(“) = Z¢j(Btj+l - Btj) - Z thbjdt = Z(bj(Btjﬂ - Btj)’
=0 j=0 7t j=0

taking into account that D;¢; = 0 if ¢ > ¢; by Lemma 5.6. Then the result follows by
approximating any process in L?*(P) by simple processes, and approximating any ¢; €
L*(Q, F,, P) by F;-measurable smooth and cylindrical random variables. ]

If u is not adapted, 6(u) coincides with an anticipating stochastic integral introduced
by Skorohod. Using techniques of Malliavin calculus, Nualart and Pardoux developed a
stochastic calculus for the Skorohod integral (see [18]).

If v and v are adapted then, for s < ¢, D;v;, = 0 and, for s > t, Dau; = 0. As a
consequence, property (28) leads to the isometry property of Ito’s integral for adapted

processes u,v € DM?(H):
E(§(u)d(v)) =E (/OOO utvtdt).

If u is an adapted process in D?(H) then, from property (29), we obtain

Dt(/ Usst) = Ut+/ DtUSdBS, (31)
0 t

because Dyu, = 0 if t > s.

Exercises
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. Let ¢: R — R be a function such that

lp(z) — p(y)| < Klz -yl

for all x,y € R. Let F be a random variable in the space D"?. Show that ¢(F')
belongs to D2, and there exists a random variable G bounded by K such that

D(¢(F)) = GDF.

Moreover, show that when the law of the random variable F' is absolutely continuous
with respect to the Lebesgue measure, then G = ¢'(F).

Hint: Approximate ¢ by the sequence ,, = ¢ * a,,, where «, is an approximation of
the identity, apply the chain rule in Proposition 5.4 to the random variable F' and
the function ¢,,, and use Corollary 6.4 to conclude.

. Let X = (X¢)sep0,1) be a continuous centered Gaussian process. Assume that a.s. X
attains its maximum on a unique random point 7" at [0, 1]. Show that the random
variable M = sup,c(o ) X; belongs to the space D2, and DyM = 1p.1(t).

Hint: Approximate the supremum of X by the maximum on a finite set, and use the
chain rule for Lipschitz functions proved in the previous exercise, and Corollary 6.4.

. Show that, in the Brownian motion case, for any u,v € D»?(H),

E(5(u)d(v)) = E ( /0 h utvtdt) +E ( /0 N /0 h DsutDtvsdsdt) |

. Show that for any « € D"?(H) and h € H such that Dyu € Dom 4,

Dy (6(w)) = 6(Dpu) + (h,u) g

. Show that for any F' € D' and u € Dom § such that Fu € L*(Q; H),
0(Fu) = Fé(u) — (DF,u) g,

provided that the right-hand side is square integrable.

. Show that for any p > 1, the operator D* is closable from LP(2) into LP(§2; H®F).

. Prove the following Leibnitz rule for the iterated derivative: for any random variables
F.G €S and any k > 2,

DF(FG) = i <l:) D'FD*'@.

1=0
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6 Multiple stochastic integrals. Wiener chaos

In this section we present the Wiener chaos expansion, which provides an orthogonal de-
composition of square integrable random variables in the Wiener space in terms of multiple
stochastic integrals. We then compute the derivative and the divergence operators on the
Wiener chaos expansion.

6.1 Multiple stochastic integrals

Suppose that B = (By);>0 is a Brownian motion defined on a probability space (2, F, P)
such that F is generated by B. Let L%(R") be the space of symmetric square integrable
functions f: R} — R. If f: R? — R, we define its symmetrization by

1
f(tb oo 7tn) = E Zf(tcr(l)a s >to(n))7

where the sum runs over all permutations o of {1,2,...,n}. Observe that
[fllze@ny < 1 fle2en)-

Definition 6.1. The multiple stochastic integral of f € L2(R") is defined as the iterated
stochastic integral

[n(f):n!/ooo/otnm/Oth(tl,...,tn)dBtl-~dBtn.

Note that if f € L*(Ry), I;(f) = B(f) is the Wiener integral of f.
If f € L*(R"}) is not necessarily symmetric, we define

]n(f) = ]n(f)

Using the properties of 1t6’s stochastic integral, one can easily check the following isometry
property: for all n,m > 1, f € L*(R"), and g € L*(R7),

0 if n £ m,

. ' 32)
n(f, ) r2wn) i n=m. (

E(1.(f)In(g)) = {

Next, we want to compute the product of two multiple integrals. Let f € Lg(]R’}r) and
g € L2(R7). For any r =0,...,n Am, we define the contraction of f and g of order r to
be the element of L?(R""™~?") defined by

(f ®r g) (tla s 7tn77“7317 s asmfr)

= flt, ot Ty T0) (ST oy Sy X1y v+ Ty )dTy - - - ATy
RY
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We denote by f ®, ¢ the symmetrization of f ®, g. Then, the product of two multiple
stochastic integrals satisfies the following formula:

L(f)n(g) = nﬁ:nr! (n> (m> Lnym—2r(f ®; g). (33)

T T
r=0

The next result gives the relation between multiple stochastic integrals and Hermite
polynomials.

Proposition 6.1. For any g € L*(R,), we have

TR

]n(g®n) = ||g||7£2(R+)Hn(||g”L2(]R )
+

where g™ (t1, ... tn) = g(t1) - g(tn).

Proof. We can assume that ||g||;2@,) = 1. We proceed by induction over n. The case
n = 1 is immediate. We then assume that the result holds for 1,...,n. Using the product
rule (33), the induction hypothesis, and the recursive relation for the Hermite polynomials,
we get

]n+1(9®(n+1)) L(g®™11(g) — nlp-1(g®" ")
H,(B(g))B(g) —nH, 1(B(g))
= H.11(B(9)),

which concludes the proof. ]
The next result is the Wiener chaos expansion.

Theorem 6.2. Every F € L?(Q) can be uniquely expanded into a sum of multiple stochastic

integrals as follows:
F)+ 3 L(fa),
n=1

where f, € L2(R™Y).

For any n > 1, we denote by H, the closed subspace of L?*(€2) formed by all multiple
stochastic integrals of order n. For n = 0, H, is the space of constants. Observe that H;
coincides with the isonormal Gaussian process {B(f), f € L*(Ry)}. Then Theorem 6.2
can be reformulated by saying that we have the orthogonal decomposition

n—=

Proof of Theorem 6.2. Tt suffices to show that if a random variable G € L?() is orthogonal
to @) yH, then G = 0. This assumption implies that G is orthogonal to all random
variables of the form B(g)*, where ¢ € L*(R;), k¥ > 0. This in turn implies that G
is orthogonal to all the exponentials exp(B(h)), which form a total set in L*(Q2). So
G=0. O]
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6.2 Derivative operator on the Wiener chaos

Let us compute the derivative of a multiple stochastic integral.

Proposition 6.2. Let f € L2(R"). Then I,(f) € D"? and

Dt[n(f> = n[nfl(f('a t))

Proof. Assume that f = ¢®", with ||g||,2,) = 1. Then, using Proposition 6.1 and the
properties of Hermite polynomials, we have

D0, (f) = Di(Ha(B(g))) = H,(B(9))Di(B(g)) = nHa-1(B(g))g(t)
= ng(t)fn 1(g®( )) _nIn—l( (7t>>

The general case follows using linear combinations and a density argument. This finishes
the proof. ]

Moreover, applying (32), we have
B [ i) = [ B op
= (=11 1O

_ 2
= nn!HfHL?(m)
= nE(L,(f)?). (34)
As a consequence of Proposition 6.2 and (34), we deduce the following result.

Proposition 6.3. Let F' € L*(Q) with Wiener chaos expansion F = >"°  I,(f.). Then
F € DY if and only if

2
E(IDF|5) = > mlll fallf2ges) < oo,
n=1

and in this case

D,F =Y nl(fu(1).

n=1

Similarly, if k& > 2, one can show that I € D*? if and only if

o
Z”k”!anH%?(Rz) < 00,
n=1

and in this case

.....

n=k
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where the series converges in L2(Q xR ). As a consequence, if F' € D*? then the following
formula, due to Stroock, allows us to compute explicitly the kernels in the Wiener chaos

expansion of F':

fu = ~E(D"F). (35)

n!
Example 6.3. Consider F' = B}. Then

fitt)) = E(Dy,B}) = 3E(B})1p(t1) = 31p1(t1),
f2<t1, t2> = lE(Dfl th?) — 3]E(B1)1[071] (tl \/ tg) — O,
fs(ti ta, t3) = LE(D} .. BY) =1py(t1 Via Vi),

and we obtain the Wiener chaos expansion

1 t1 to
B} =3B, +6 / / / dBy,dBy,dBy,.
0 0 0

Proposition 6.3 implies the following characterization of the space D'2.

Proposition 6.4. Let F' € L*(Q). Assume that there exists an element u € L*(2; H) such
that, for all G € § and h € H, the following duality formula holds:

E({u, h)gG) = E(F6(Gh)). (36)
Then F € DY? and DF = u.

Proof. Let F = > L,(fn), where f, € L2(R"). By the duality formula (Proposition
5.1) and Proposition 6.2, we obtain

E(F5(Gh)) ZE ZE ), h)rG)

= S B (1), G,

Then, by (36), we get

> E((nln-a(fa( 1), B)uG) = E((u, h)uG),

which implies that the series Y - nl,_1(fa(:,t)) converges in L*(Q; H) and its sum coin-
cides with u. Proposition 6.3 allows us to conclude the proof. O

Corollary 6.4. Let (F,,),>1 be a sequence of random variables in DY? that converges to F'
in L*(Q) and is such that
sup E(||DF,|3) < oo

Then F belongs to DY? and the sequence of derivatives (DF},),>1 converges to DF in the
weak topology of L*(%; H).
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Proof. The assumptions imply that there exists a subsequence (F,))r>1 such that the
sequence of derivatives (DFyx))k>1 converges in the weak topology of L*(%; H) to some
element o € L*(Q; H). By Proposition 6.4, it suffices to show that, for all G € S and
he H,

E({a, h)gG) = E(F6(Gh)). (37)

By the duality formula (Proposition 5.1), we have
E((DFuw), ) nG) = E(F)6(Gh)).
Then, taking the limit as k tends to infinity, we obtain (37), which concludes the proof. [

The next proposition shows that the indicator function of a set A € F such that
0 < P(A) < 1 does not belong to D2

Proposition 6.5. Let A € F and suppose that the indicator function of A belongs to the
space D2, Then, P(A) is zero or one.

Proof. Consider a continuously differentiable function ¢ with compact support, such that
¢(x) = x? for each = € [0,1]. Then, by Proposition 5.4, we can write

D1, = D[(14)?*] = D[p(14)] = 21,4D1 4.

Therefore D14 = 0 and, from Proposition 6.3, we deduce that 14 = P(A), which completes
the proof. ]

6.3 Divergence on the Wiener chaos

We now compute the divergence operator on the Wiener chaos expansion. A square in-
tegrable stochastic process u = (uy)>0 € L*(2 x Ry) has an orthogonal expansion of the
form

U = Z [n(fn<'7 t)),

where fo(t) = E(u;) and, for each n > 1, f, € L*(R7™) is a symmetric function in the
first n variables.

Proposition 6.6. The process u belongs to the domain of § if and only if the series
o(u) = Z [n+1<fn> (38)
n=0

converges in L*(9).
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Proof. Suppose that G = I,,(g) is a multiple stochastic integral of order n > 1, where g is
symmetric. Then

E((u, DG),;) = / E (s (fas (- )L (9(-, 1)) dt

= = [ tfaaCot) D)

= n!<fn—1,9>L2(R1) = nl(fn—1,9>L2(R1)

If u € Dom ¢, we deduce that
E(6(u)G) = E(Ly(fn1)G)

for every G € H,,. This implies that I, ( fn_1) coincides with the projection of (u) on the
nth Wiener chaos. Consequently, the series in (38) converges in L*(Q2) and its sum is equal
to d(u). The converse can be proved by similar arguments. O

6.4 Generalized multiple stochastic integrals

Let B = {B(h),h € H} be an isomormal Gaussian process on a Hilbert space H defined
on a probability space L?(2, F, P). Assume that F is generated by B. For each n > 1 we
will denote by H,, the closed linear subspace of L?(2) generated by the random variables
{H,(B(h)),h € H,||h||lg = 1}. Ho will be the set of constants. For n = 1, H; coincide
with the set B. For n # m the spaces H,, and H,, are orthogonal. The space H,, is called
the Wiener chaos of order n. In view of Proposition 6.1, this definition generalizes the
Wiener chaos defined previously for the Brownian motion.

As in the case of Brownian motion, one can show the following orthogonal decomposi-
tion:

L*(Q, F, P) = @2y H,.

Suppose that {e;,7 > 1} is a complete orthonormal system in H. We will denote by
A the set of all sequences a = (aj,as,...), a; € N such that all the terms, except a finite
number of them, vanish. For a € A we set a! = [[2, a;! and |a| = >_;°, a;. One can show
the following facts:

(i) For any n > 1, the random variables

{% [[ Ho (Ble).a e A.Jal = n}

form a complete orthonormal system in H,,.
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(ii) The mapping
I (symm(22,¢7")) = [ [ Ha,(B(e:))
i=1
provides an isometry between the symmetric tensor product H @n oquipped with the

norm Vn!|| - [|gen and the nth Wiener chaos H,. The mapping I, is called the
generalized stochastic integral of order n.

Exercises

1. Show that for all n,m > 1, f € L*(R%), and g € L*(R7),
E (I.(f)In(g)) = ”!<JE7 §>L2(R1)1{n:m}~

2. Let B = {B(h),h € H} be an isomormal Gaussian process on a Hilbert space H.
Show that the exponentials {exp(B(h)),h € H} form a total set in L*(Q,F, P),
assuming that F is generated by B.

3. For every n we define the extended Hermite polynomial H,(x, \) by

T

H,(z,\) = \2H, <\/X

), for x € R and \ > 0.

Check that
2\ 2
exp (ta: — —) = —Hp(x, \).

Show that for any g € L*(R,),
I(g™") = Hy (B(9), g3z, ) -

4. Show that the process (H, (B, t)):>0 is a martingale.

5. Show that if F' € D>2, then the kernels in the Wiener chaos expansion of F' satisfy

the following formula

£ = %E(D"F).

6. Let F' = exp (B(h) -1 R, h2(s)d5>, h € H. Compute the iterated derivatives of F

and the kernels of the Wiener chaos expansion.

7. Compute the expansion on the Wiener chaos expansion of the following of the random
variables:

1 1
ePr-z, B3, / (t*B} + 2tB})dB;, / teP dB;.
0 0
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8. Let I’ € DY? be a random variable such that E(F~2) < co. Show that P(F > 0) is
7ero or one.

Hint: Using the duality relation, compute E(sign(#)o(u)), where u is an arbitrary
bounded process in the domain of §, using an approximation of the sign function.
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7 Ornstein-Uhlenbeck semigroup. Meyer inequalities

In this section we describe the main properties of the Ornstein—Uhlenbeck semigroup and its
generator. We then give the relationship between the Malliavin derivative, the divergence
operator, and the Ornstein—Uhlenbeck semigroup generator. Finally we show Meyer’s
inequality.

7.1 Ornstein-Uhlenbeck semigroup

Let B = {B(h),h € H} be an isomormal Gaussian process on a Hilbert space H defined
on a probability space L?(Q2, F, P). Assume that F is generated by B. Recall the Wiener
chaos expansion

L*(Q, F, P) = @2 H,.

We will denote by .J,, the projection on each Wiener chaos H,. In the Brownian motion
case, J,F' = I,(f,), where F = E(F) + .07, I.(fs), fn € L2(R%).

Definition 7.1. The Ornstein—Uhlenbeck semigroup is the one-parameter semigroup (T})i>o
of operators on L*(Q) defined by

T(F)=) e ™J,F.
n=0

7.2 Mehler’s formula

An alternative and useful expression for the Ornstein—Uhlenbeck semigroup is Mehler’s
formula:

Proposition 7.1. Let B’ be an independent copy of B. Then, for anyt > 0 and F € L*(Q),
we have

T,(F) =E/(F(e !B+ V1 —e 2B')), (39)

where E' denotes the mathematical expectation with respect to B’.

Proof. Both T} in Definition 7.1 and the right-hand side of (39) give rise to linear contrac-
tion operators on LP(£2), for all p > 1. For the first operator, this is clear. For the second,
using Jensen’s inequality it follows that, for any p > 1,

E(|T(F)I") = E(|[E'(F(e™'B + V1 — e B))")
<E®(|F(e”'B+ V1—eB)") =E(F").

Thus, it suffices to show (39) for random variables of the form
F = exp()\B(h) — %)\2), where B(h), h € H, is an element of norm one, and A € R.
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We have, using formula (1),
E' (exp(e_t)\B( )+ V1—e2AB'(h) — 1\? ))

= exp (efAB(h) W) Ze*“t H, (B(h)) =T, F,

because .
=3
et n.
is the Wiener chaos expansion of F'. This completes the proof. O

Mehler’s formula implies that the operator T} is nonnegative. Moreover, T} is symmetric,
that is,

E(GT,(F)) = E(FT,(G)) = i e (], FJ,G).

n=0

7.3 Hypercontractivity and applications

The Ornstein—Uhlenbeck semigroup has the following hypercontractivity property

Theorem 7.2. Let F € LP(Q2), p> 1, and q(t) = e*(p—1)+1>p, t > 0. Then
1T F gy < [[F'llp-

As a consequence of the hypercontractivity property, for any 1 < p < ¢ < oo the norms
|-]|, and ||-||, are equivalent on any Wiener chaos H,,. In fact, putting ¢ = e*(p—1)+1 > p
with ¢ > 0, we obtain, for every F' € H,,,

e " Fllg = ITF g < 1F,
which implies that

n/2
qg—1
171, < (4=7) " 1F (40)

Moreover, for any n > 1 and 1 < p < oo, the orthogonal projection onto the nth Wiener
chaos J,, is bounded in LP(£2), and

||J FH < (p_ 1)n/2HFHP lfp > 27 (41)
TSl e=-)TRF), ifp<2.

In fact, suppose first that p > 2 and let ¢ > 0 be such that p — 1 = €?*. Using the
hypercontractivity property with exponents p and 2, we obtain

I nFllp = e | TiTuFlly < €[ TuFll2 < e[| Fll2 < e[| P,
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If p < 2, we have
11 Flly = sup E((J,F)G) < ||Fll, sup [LGllg < e™||Fll,,

IGllg<1 IGllg<1

where ¢ is the conjugate of p, and ¢ — 1 = e?.
As an application we can establish the following lemma.

Lemma 7.3. Fix an integer k > 1 and a real number p > 1. Then, there exists a constant
cpr such that, for any random variable F € DF2,

IE(D"F)llger < cpull F -

Proof. Suppose that F' = > I,(f,), where f, € H®". Then, by Stroock’s formula (35),
E(D*F) = k! f;.. Therefore,
[E(D* F) | gree = k! fillgor = VEUJF .

From (40) we obtain

1JeFlls < (0 —1) A1) 2

Finally, applying (41) we get

1 E |-

1k Fll, < (p— 1) @2R2) B,
which concludes the proof. [

The next result can be regarded as a regularizing property of the Ornstein—Uhlenbeck
semigroup.

Proposition 7.2. Let F' € LP(QQ) for some p > 1. Then, for any t > 0, we have that
T,F € DY and there exists a constant cp such that

IDTF || ooty < cpt™ (|- (42)

Proof. Consider a sequence of smooth and cylindrical random variables F,, € S which
converges to F in LP(Q2). We know that T;F,, converges to T,F in LP()). We have T, F,, €
D?, and using Mehler’s formula (39), we can write

D(T{(F, — F,)) = D (IE‘/((Fn _E) (e tB+VI— e—2t)B’))

e—t

- B (DR - R B VIm e

Then, Lemma 7.3 implies that

ID(TL(Fn = Fon)) [

—t
(&

) < Cpy————

leeien < 1 —e

Hence, DT}F, is a Cauchy sequence in LP(Q; H). Therefore, T;F' € D'? and DT;F is the
limit in LP(§2; H) of DT F),. The estimate (42) follows by the same arguments. O
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With the above ingredients, we can show an extension of Corollary 6.4 to any p > 1.

Proposition 7.3. Let F, € D' be a sequence of random variables converging to F in
LP(Q2) for some p > 1. Suppose that

sup || Fp|l1,p < oo.
n

Then F € Db,

Proof. The assumptions imply that there exists a subsequence (F,))r>1 such that the
sequence of derivatives (DF,x))r>1 converges in the weak topology of Li(Q2; H) to some
element a € LY(Q; H), where 1/p+ 1/q = 1. By Proposition 7.2, for any ¢ > 0, we have
that T,F belongs to D'? and DT,F, converges to DT,F in LP(Q; H). Then, for any
B € Li(Q; H), we can write
E((DTF,B)u) = ]}E{}OE((DEFMM,@H):]}LITOloe_tE(<7}DFn(k),5>H)
= lim ¢ 'E(DFy). T:6)n) = ¢ E({a, T:6) )
= E({e""Tiv, B)n).

Therefore, DT, F = e "T;«. This implies that DT, F converges to « as t | 0 in LP(Q; H).
Using that D is a closed operator, we conclude that F' € D? and DF = a. O

7.4 Generator of the Ornstein-Uhlenbeck semigroup
The generator of the Ornstein—Uhlenbeck semigroup in L%() is the operator given by

LF — hmwj
10 t

and the domain of L is the set of random variables F' € L?(Q2) for which the above limit
exists in L*(Q2). It is easy to show that a random variable F' € L?*(f2), belongs to the
domain of L if and only if

> n’E((J,F)?) < oo

and, in this case, LF = >° —nJ,F. Thus, Dom L coincides with the space D?.
We also define the operator L=!, which is the pseudo-inverse of L, as follows. For every
F e L*(Q), set

=1
LF=-% —J,F.
Note that L™! is an operator with values in D*? and that LL™'F = F — E(F), for any
F € L*(2), so L™ acts as the inverse of L for centered random variables.

The next proposition explains the relationship between the operators D, §, and L.
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Proposition 7.4. Let ' € L*(Q). Then, F € Dom L if and only if F € DY and
DF € Dom and, in this case, we have

0DF = —LF.

Proof. Suppose first that F € D2 and DF € Domd. Then, for any random variable
G = H,,, we have, using the duality relationship (Proposition 5.1),

E(GSDF) = E((DG, DF)y) = mE(J,,FG) = E(GmJ,, F).

Therefore, the projection of  DF onto the mth Wiener chaos is equal to m.J,,F. This
implies that the series > 2 n.J,F converges in L*(Q2) and its sum is dDF. Therefore,
F eDomL and LF = —)DF.

Conversely, suppose that F' € Dom L. Clearly, I’ € D%2. Then, for any random variable
G € D'? we have

E((DG, DF)y) = f: nE(J,FJ,G) = —E(GLF).

n=1
As a consequence, DF' belongs to the domain of § and 6DF = —LF. ]

The operator L behaves as a second-order differential operator on smooth random
variables.

Proposition 7.5. Suppose that F = (F',..., F™) is a random vector whose components
belong to D**. Let ¢ be a function in C*(R™) with bounded first and second partial deriva-
tives. Then, o(F) € Dom L and

LAF) = . Goa (F)DF DF)n =3 GE(F)LF"
2,7=1 =1

Proof. By the chain rule (see Proposition 5.4), ¢(F) belongs to D'? and

De(F) = Y 22 (F)DF"
i=1 "
Moreover, by Proposition 7.4, ¢(F') belongs to Dom L and L(¢(F')) = —=6(D(¢(F))). Using

the factorization property of the divergence operator yields the result. O

In the finite-dimensional case (2 = R"™ equipped with the standard Gaussian law),
L = A —x -V coincides with the generator of the Ornstein—Uhlenbeck process (X;):>o in
R™, which is the solution to the stochastic differential equation

dX, = V2dB, — X,dt,

where (B;)i>0 is an n-dimensional Brownian motion.
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7.5 Meyer’s inequalities

The next theorem provides an estimate for the LP(€2)-norm of the divergence operator for
any p > 1. It was proved by Pisier, using the boundedness in LP(R) of the Riesz transform.

Theorem 7.4. For anyp > 1, there exists a constant ¢, > 0 such that for any u € D'?(H),

E50P) < ¢ Bl ey,) + B ) (13)
Proof. We can assume that E(u) = 0. Indeed, if & = u — E(u), then
162}l < 15, + ISE)I,
and 6(E(u)) = B(E(u)) being a Gaussian random variable,
6E @)l = ISEW) = clEwW)x.

Let G € S be a smooth and cylindrical random variable such that |G|, < 1, where
% + % = 1. Then,

E(5(u)G) = E({u, DG)y) = — /OOIE(<LTtu, DG ) dt
_ / T E (DT, DGY 1) dt = / T E (DT, D*G) o) dt
= /Oo e 'E (<EDU, D2G>H®2) dt

= / e 'E ((Du, T,D*G) oz dt
0

IN

HDUHL?(Q;H@Q)

/ e ‘T, D*Gdt
0

La(Q;H®?)

By Mehler’s formula (39),
T,D°G = E <(D2G)(e‘tB +VIo e—2té))
- ! g (D*(G(e' B+ VT—e7B))).

1 —e 2

Therefore,

/ e 'T,D*Gdt =
0




where Ry(B, B) = (cos0) B + (sin6)B.
Notice that D*(G(Re(B, B)) vanishes for § = 0, so the above integral is well defined.
Also D?G = 0. Therefore, we can write

D? (/0 ,10(G(R9(B, B)) - G)d@)

/ e 'T,D*Gdt = E
0

S1n

From Lemma 7.3, we can write

q

/ e 'T,D?*Gdt
0

H®?2

which implies

q

E

/ e 'T,D*Gdt
0

H®?

—L- — 1 is integrable in [0, 7/2], we have

J

Therefore, it suffices to study the term

Since the function

q

< R (|G]7).

[VE]

EE

<811119 B %) (G(Ro(B, B)) = G)do

q

ER / : %(G(RQ(B, B) - G)do

Consider the transformation

=~ [ cos& siné B
Te(B, B) = (—sin€ 0055> <B>7

which preserves the law of (B, B). Moreover, Ry(Te(B, B)) = Ry.¢(B, B). Therefore,

q

| (G BB, B) ~ GRe(B. By e

which is bounded by a constant times E(|G|?) due to the boundedness in L9(R) of the
Hilbert transform. O
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As a consequence of Theorem 7.4, the divergence operator is continuous from D" (H)
to LP(Q2), and so we have Meyer’s inequality:

E(0()l") < e (EQIDulbaqga ) + E(ully)) = collullf (44)
This result can be extended as follows.

Theorem 7.5. For anyp > 1, k > 1, and u € D*P(H),
100 i1 < i (BAD I gyen)) + Ellullf)) = cupliull, o

This implies that the operator & is continuous from DFP(H) into D¥~1P(H).

7.6 Integration-by-parts formula

The following integration-by-parts formula will play an important role in the applications
of Malliavin calculus to normal approximations.

Proposition 7.6. Let F' € D2 with E(F) = 0. Let f be a continuously differentiable
function with bounded derivative. Then,

E(f(F)F)=E (f(F){(DF,—DL™'F)p). (45)
Proof. By Proposition 7.4,
F=LL'F=-§DL'F).

Then, using the duality relationship (Proposition 5.1) and the chain rule (Proposition 5.4),
we can write

E(f(F)F) = —E(f(F)§(DL"'F))
= —E((D ),DL™'F)y)
E(f’F DF —~DL™'F)p).
This completes the proof. O
Exercises

1. Let F = exp <B(h) 1L, h?(s)ds>, h € H. Show that

LF = — (B(h) —é hz(s)ds) F

2. Show that the operator (I — L)~“ is a contraction in LP(S2), for any p > 1, where
a > 0.

Hint: Use the equation (1+n)™* = 5 [ e~ ("TDoge1qy,



3. Let F € L*(Q) with E(F) = 0. Show that

L'F = —/ T,(F)dt.
0

4. Show that if F' € LP(Q) for some p > 1, then L™'F € D'? and

||DL_1F||LP(Q;H) < cpHFHp'
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8 Stochastic integral representations. Clark-Ocone
formula

This section deals with the following problem. Given a random variable F' in L*((2), with
E(F) = 0, find a stochastic process u in Domd such that F' = §(u). We present two
different answers to this question, both integral representations. The first is the Clark—
Ocone formula, in which wu is required to be adapted. Therefore, the process u is unique
and its expression involves a conditional expectation of the Malliavin derivative of F.
The second uses the inverse of the Ornstein—Uhlenbeck generator. We then present some
applications of these integral representations.

8.1 Clark-Ocone formula

Let B = (By)i>0 be a Brownian motion on a probability space (2, F, P) such that F is
generated by B, equipped with its Brownian filtration (F;):>o. The next result expresses
the integrand of the integral representation theorem of a square integrable random variable
in terms of the conditional expectation of its Malliavin derivative.

Theorem 8.1 (Clark-Ocone formula). Let F' € D" N L*(Q, Fr, P). Then F admits the
following representation:

T
0
Proof. By the Ito integral representation theorem, there exists a unique process adated

process u € L*(Q2 x [0,T]) such that F' € L*(Q, Fr, P) admits the stochastic integral
representation

T
F =E(F) +/ wdB,.
0

It suffices to show that u, = E(D,F|F;) for almost all (¢t,w) € [0,T] x Q. Consider a process
v € L2(P). On the one hand, the isometry property yields

E((S(v)F)—/O E(vsus)ds.

On the other hand, by the duality relationship (Proposition 5.1), and taking into account
that v is progressively measurable,

E(5(v)F) =E ( /0 ' vtDtht) = /O ' E(v,E(D,F|F,))dt.

Therefore, u, = E(D,F|F;) for almost all (t,w) € [0,T] x €2, which concludes the proof. [

Consider the following simple examples of the application of this formula.
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Example 8.2. Suppose that F = B}. Then D,F = 3B}14(s) and
E(DsF|Fs) = 3E((B, — Bs + B)*|Fs) = 3(t — s + B2).
Therefore
t
Bf:g/}t—s+33ﬂ%. (46)
0

This formula should be compared with Ito’s formula,

t t
B} = 3/ B2dB, +3/ Bids. (47)
0 0

Notice that equation (46) contains only a stochastic integral but it is not a martingale, be-
cause the integrand depends on t, whereas (47) contains two terms and one is a martingale.
Moreover, the integrand in (46) is unique.

Example 8.3. Consider the Brownian motion local time (L} )i>0zer. For any e > 0, we

set
2
pe(z) = (2me) Y2727/ (29),

We have that, as € — 0,

t 2
F = / po(B, — z)ds =& 2. (48)
0

Applying the derivative operator yields
t t
D,F, = / p.(Bs — x)D, Byds = / p.(Bs — z)ds.
0 r

Thus

E(D,F.|F.) (/EmB B, + B, — )| F.)ds
/ pe+s 7“ )dS

As a consequence, taking the limit as € — 0, we obtain the following integral representation
of the Brownian local time:

¢
LY =E(LY) + / o(t —r, B, — z)dB,,
0

where

o(r,y) = /Orp’s(y)d&
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8.2 Second integral representation

Let B = {B(h),h € H} be an isomormal Gaussian process on a Hilbert space H defined
on a probability space L?(Q2, F, P). Assume that F is generated by B. Recall that L is
the generator of the Ornstein—Uhlenbeck semigroup.

Proposition 8.1. Let F' be in DY? with E(F) = 0. Then the process
u=—-DL'F

belongs to Domd and satisfies F = 6(u). Moreover, in the Brownian motion case, u €
L2(Q; H) is unique among all square integrable processes with a chaos expansion

w =Y L(fy(1))

such that f,(t,t1,....t,) is symmetric in all ¢ + 1 variables t,ty,...,1,.
Proof. By Proposition 7.4,
F=LL'F=-§DL'F).

In the Brownian motion case, the process u = —DL™'F has a Wiener chaos expansion
with functions symmetric in all their variables. To show uniqueness, let v € L?(Q; H) with
a chaos expansion v; = E;io 1,(g4(t)), such that the function g¢,(¢,1,...,%,) is symmetric
in all ¢ + 1 variables ¢,%y,...,¢, and such that 6(v) = F. Then, there exists a random
variable G € D2 such that DG = v. Indeed, it suffices to take

=1
“" ; qu-f-l(gq)'

We claim that G = —L~'F. This follows from LG = —§DG = —§(v) = —F. The proof is
now complete. O

It is important to notice that, unlike the Clark—Ocone formula, which requires that the
underlying process is a Brownian motion, the representation provided in Proposition 8.1
holds in the context of a general Gaussian isonormal process.

Exercises

1. Using the Clark-Ocone formula find the stochastic integral representation of the
following random on the time interval [0, T'):

T T
Br, B3, eBT,/ Bdt, B3, sinBT,/ tBdt.
0 0
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. Let F = L,(f), f € L2[0,T]"), and for any A C B([0,T]) we consider the o-field
Fa=0{B(1p),D C A}. Show that

E (F|Fa) = In(fnlizlm>
. Let F = L,(f), f € L*([0,T]"). Use Clark-Ocone formula to show that F = §(u),

where u, = nl,1(f(-,¢)1). Deduce that u, = E(D,F|F;). Apply this approach
to prove the Clark-Ocone formula via the Wiener chaos expansion.

. Let F € L*(9, Flap): P). Show that F' admits the following representation
b
F =E[F] +/ E (DyF|Fay) dB:.

. Using Clark-Ocone formula show the Poincaré inequality
Var(F) < | DF[720x 0.7y,

for any random variable F' € D2,
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9 Existence and regularity of densities. Density for-
mulas

In this Section we apply Malliavin calculus to derive explicit formulas for the densities of
random variables which are functionals of an isonormal Gaussian process and we establish
criteria for their regularity.

9.1 Analysis of densities in the one-dimensional case

Let B = {B(h),h € H} be an isomormal Gaussian process on a Hilbert space H defined
on a probability space L?(Q2, F, P). Assume that F is generated by B.

The topological support of the law of a random variable F' is defined as the set of points
x € R such that P(|x — F| <€) >0 for all ¢ > 0.

Our first result says that if a random variable F' belongs to the Sobolev space D2 then
the topological support of the law of I is a closed interval.

Proposition 9.1. Let F € DY2. Then, the topological support of the law of F is a closed
interval.

Proof. Clearly the topological support of the law of F'is a closed set. Then, it suffices to
show that it is connected. We show this by contradiction. If the topological support of
the law of F' is not connected, there exists a point @ € R and € > 0 such that P(a — € <
F<a+e =0, P(F>a+¢) <l,and P(F <a—¢) <1 Let ¢ : R — R be an
infinitely differentiable function such that p(z) =0if x <a—eand p(x) =1if x > a+e.
By Proposition 5.4, ¢(F) € D"? but, almost surely, p(F) = L{psqie. Therefore, by
Proposition 6.5, we must have P(F' > a+¢€) =0 or P(F > a + ¢) = 1, which leads to a
contradiction. W

If a random variable F' belongs to D2, and its derivative is not degenerate, then F has
a density.

Proposition 9.2. Let F' be a random variable in the space D'? such that |DF|g > 0
almost surely. Then, the law of F is absolutely continuous with respect to the Lebesque
measure on R.

Proof. Replacing F' by arctan F', we may assume that F' takes values in (—1,1). It suffices
to show that, for any measurable function g : (—1,1) — [0,1] such that f_ll g(y)dy = 0,
we have E(g(F')) = 0. We can find a sequence of continuous functions g, : (—1,1) — [0, 1]
such that, as n tends to infinity, ¢,(y) converges to g(y) for almost all y with respect to
the measure P o F'~! + ¢, where ¢ denotes the Lebesgue measure on R. Set

Yn(x) = /x In(y)dy.

—00
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Then, 9,(F) converges to 0 almost surely and in L?(Q2) because g, converges almost
everywhere to g, with respect to the Lebesgue measure, and fjl g(y)dy = 0. Furthermore,
by the chain rule (Proposition 5.4), 9, (F) € D"? and

D(tpn(F)) = gn(F)DF,

which converges almost surely and in L?(Q) to g(F)DF. Because D is closed, we conclude
that g(F)DF = 0. Our hypothesis | DF||g > 0 implies that g(F) = 0 almost surely, and
this finishes the proof. O]

The following result is an expression for the density of a random variable in the Sobolev
space D2 assuming that ||DF||z > 0 a.s.

Proposition 9.3. Let F be a random variable in the space DY? such that |DF||g > 0 a.s.
Suppose that DF/|DF||3 belongs to the domain of the operator ¢ in L*(Q). Then the law
of F' has a continuous and bounded density, given by

plz) = (1{F>x}a (%)) (49)

Proof. Let 1 be a nonnegative function in C§°(R), and set p(y) = [Y_(z)dz
Then, by the chain rule (Proposition 5.4), ¢(F') belongs to D*? and we can write

(D(p(F)), DF)ir = (F)||DF |-

Using the duality formula (Proposition 5.1), we obtain

B(u(F) = E ((D(e(F), &L} & (w0 (e ). 0

By an approximation argument, equation (50) holds for ¥(y) = 1;,4(y), where a < b. As
a consequence, we can apply Fubini’s theorem to get

Pla<F<b) = ((/ vl dx) (Hlﬁ}l?))
= [ (et (577 ) ) 2

which implies the desired result. O

Remark 9.1. Equation (49) still holds under the hypotheses F € DY* and DF/||DF|% €
DY (H) for some p,p’ > 1. Sufficient conditions for these hypotheses are F € D*>* and
E(|DF||=2#) < oo with 1/a+1/8 < 1.
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Example 9.2. Let F' = B(h). Then DF = h and

DF B
0 (W) = B(h)||h||
H

As a consequence, formula (49) yields
p(z) = [Ihll5" E (Lipsay F)
which is true because p(x) is the density of the distribution N (0, ||h|/%).

Applying equation (49) we can derive density estimates. Notice first that (49) holds
if 1{r>4y is replaced by 1;p.,y, because the divergence has zero expectation. Fix p and ¢
such that 1/p + 1/q = 1. Then, by Holder’s inequality, we obtain

5( DF )
IDEI

for all z € R. Applying (51) and Meyer’s inequality (44), we can deduce the following
result.

p(e) < (P(IF| > |z]))"*

, (51)

p

Proposition 9.4. Let q, a, § be three positive real numbers such that 1/q+1/a+1/5 = 1.
Let F be a random variable in the space D*®, such that B(||DF|| ;") < oo. Then, the

density p(x) of F' can be estimated as follows:
p(@) < cqap (P(F| > [a])
% (BUDFI) + 1D F | o oy IIDF I ) - (52)

9.2 Existence and smoothness of densities for random vectors

Let FF' = (F',...,F™) be such that F* € D'? for i = 1,...,m. We define the Malliavin
matriz of F as the random symmetric nonnegative definite matrix

VF = ((DFi,DFj>H)1§i,j§m- (53)

In the one-dimensional case, yr = ||DF|[3,. The following theorem is a multidimensional
version of Proposition 9.2.

Theorem 9.3. If detyr > 0 a.s. then the law of F is absolutely continuous with respect
to the Lebesgue measure on R™.

This theorem was proved by Bouleau and Hirsch using the co-area formula and tech-
niques of geometric measure theory, and we omit the proof. One can also show that the
measure (detyp x P)o F~!is always absolutely continuous; that is,

P(F € B,detyr >0) =0,

for any Borel set B € B(R™) of zero Lebesgue measure.
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Definition 9.4. We say that a random vector F = (F' ... F™) is nondegenerate if
FieDY2 fori=1,...,m and
E((det vr)™?) < o0,

for all p > 2.

Set 0; = 0/0x; and, for any multi-index o € {1,...,m}*, k > 1, we denote by 9, the
partial derivative O /(0xy, - - - 04, )-

Lemma 9.5. Let v be an m x m random matriz such that ¥ € D% for all i,j and
E (| det y|™P) < oo for all p > 2. Then, (y™1)" belongs to DV for all i, j, and

m

D (7—1)1'3' _ Z (7—1)“6 (7—1)@' D’}/M. (54)

ke f=1

Proof. Tt can be proved that P(det~ > 0) is zero or one. So, we can assume that dety > 0
almost surely. For any € > 0, we define v = (dety + €)' A(y), where A(y) is the adjoint
matrix of 7. Then, the entries of 4! belong to D> and converge in LP(Q), for all p > 2,
to those of v~ as € tends to zero. Moreover, the entries of ! satisfy

sup [(771)V [y < oo,
€€(0,1]

for all p > 2. Therefore, by Proposition 7.3 the entries of 7! belong to D'? for any p > 2.
Finally, from the expression 7. 'y = (det~/(det~y + €))1,,, where I, denotes the identity
matrix of order m, we deduce (54) on applying the derivative operator and letting e tend
to zero. [

The following result can be regarded as an integration-by-parts formula and plays a
fundamental role in the proof of the regularity of densities.

Proposition 9.5. Let F = (F',...,F™) be a nondegenerate random vector. Fiz k > 1
and suppose that F* € DL fori=1,...,m. Let G € D> and let ¢ € Ce(R™). Then,
for any multi-index o € {1,...,m}", there exists an element H,(F,G) € Np>aLP(Q) such
that

E(0up(F)G) = E(o(F)Ho(F,G)), (55)

where the elements H,(F,G) are recursively given by

Hu(F,G) = i(s (G (’Yf;lyj DFj)

and, for a = (o, ...,ax), k > 2, we set

Ha(Fa G) = Hak (F, H(a1 ..... ak_1)<F7 G))
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Proof. By the chain rule (Proposition 5.4), we have

(D(G(F)), DF?) s = 3" 0p(F)(DF', DF) s = " 0 (F)

i=1 i=1

and, consequently,
m

0ip(F) =Y (D(¢(F)), DF?) (g ).

Jj=1

Taking expectations and using the duality relationship (Proposition 5.1) yields
E(9ip(F)G) = E(p(F)H) (F, G)),

where H;) = Z;n:l ) (G (7;1)ij DFJ ) Notice that Meyer’s inequality (Theorem 7.4) and
Lemma 9.5 imply that H;) belongs to LP(§2) for any p > 2. We finish the proof with a
recurrence argument. O

One can show that, for any p > 1, there exist constants 3, v > 1 and integers n, m
such that
[ Ho(F.G)l, < cpq [|det vzt |5 IDFIE NG - (56)

The proof of this inequality is based on Meyer’s and Hoélder’s inequalities.
The following result is a multidimensional version of the density formula (49).

Proposition 9.6. Let F' = (F',... F™) be a nondegenerate random vector such that
FieDmtbe fori=1,...,m. Then F has a continuous and bounded density given by

p(l’) = ]E(l{F>:c}Ha(F7 1))7 (57)
where a = (1,2,...,m).

Proof. Recall that, for « = (1,2,...,m)

H.(F,1)

m

— | Z ) ((’yEl)lleFjlé ((7E1>2j2DFj2 S ((71;1)mijij) N )) '

Then, equality (55) applied to the multi-index a@ = (1,2,...,m) yields, for any ¢ €
Cr(R™),
E(0ap(F)) = E(p(F)Ha(F,1)).

Notice that
F1 Fm™
p(F) = / e Oap(w)dx.

o —0o0

70



Hence, by Fubini’s theorem we can write

B0up(F)) = [ 0upla)B(Lros) Ha(F, D) (59)

Given any function ¢ € C§°(R™), we can take ¢ € C;°(R™) such that ¢ = d,¢, and (58)
yields

E((F) = | ¢(@)E(lpsa Ha(F,1))dz,
]Rm
which implies the result. O
The following theorem is the basic criterion for the smoothness of densities.

Theorem 9.6. Let F' = (F*, ..., F™) be a nondegenerate random vector such that F* € D*
forallt=1,...,m. Then the law of F' possesses an infinitely differentiable density.

Proof. For any multi-index 3 and any ¢ € C;°(R™), we have, taking a = (1,2,...,m),
E(0s0ap(F)) = E(p(F)Hp(F, Ho(F,1))))

= /m 0ap(x) B (Lipsoy Hy(F, Ho(F, 1)) d.

Hence, for any & € C5°(R™),

& (x)p(x)dr = - E(2)E (L{psay Ha(F, Ho(F, 1)) dz.

Rm

Therefore, p(x) is infinitely differentiable and, for any multi-index [, we have

Osp(x) = (~1) " E (Lpsn Hy(F. (Ha(F.1))

This completes the proof. O]

9.3 Density formula using the Riesz transform

In this section we present a method for obtaining a density formula using the Riesz trans-
form, following the methodology introduced by Malliavin and extensively studied by Bally
and Caremellino. In contrast with (57), here we only need two derivatives, instead of m+1.

Let @,, be the fundamental solution to the Laplace equation AQ,, = dp on R, m > 2.

That is,
1

Qa(2) = ay' In = Qm(x) = az!|z[*™™, m > 2,
where a,, is the area of the unit sphere in R™. We know that, for any 1 <i < m,
Ti
jz[™’

asz(m) = —Cnm
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where ¢,, = 2(m — 2)/a,, if m > 2 and ¢y = 2/a,. Notice that any function ¢ in C}(R™)
can be written as

p(x) = Vip 5 VQu (v Z Ol = 1)0:Qm(y)dy (60)

Indeed,
Vo x VQu(r) = 0 * AQu(r) = ¢(x).

Theorem 9.7. Let F' be an m-dimensional nondegenerate random vector whose compo-
nents are in D>, Then, the law of F' admits a continuous and bounded density p given

by
p(x) = ZE(@Qm(F —z)H)(F, 1)),

where
m

H@(F,1) =Y 6 ((vz)7DF7).

j=1

Proof. Let ¢ € C(R™). Applying (60), we can write

ZE( | aut@setr - y))dy)

Assume that the support of ¢ is included in the ball Bg(0) for some R > 1. Then, using
(59) we obtain

E( / |ai@m<y>aiso<F—y>|dy) snaz-souooza( /{ . |F|+R}|aiQm<y>|dy)
m y:|F|—R<|y|<
Fl+R .
< ¢, Vol(B1(0)) 105 ]| < E ( / Ty dr)

Fl-r T
= 2¢,, Vol(B1(0))]|0;¢]| o R < 0.

As a consequence, Fubini’s theorem and (55) yield
E(o(F)) = Z / D.Qu(E(Oip(F )y

_ Z / E(0,Qu(F — y) Hey (F, 1))dy.
This completes the proof. ]
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The approach based on the Riesz transform can also be used to obtain the following
uniform estimate for densities, due to Stroock.

Lemma 9.8. Under the assumptions of Theorem 9.7, for any p > m there exists a constant
¢ depending only on m and p such that

Il < e (s (0 )

Proof. From -
plx) =Y E(0,Qum(F — x)H)(F, 1)),
i=1
applying Holder’s inequality with 1/p + 1/¢ = 1 and the estimate (see (59))
10:Qu(F — 2)| < e F — '~

yields

p(z) < me, A (E (|F — x|(1—m)q))1/q’ (61)

where A = maxi<i<p, [|[H) (£, 1)][,-
Suppose first that p is bounded and let M = sup, g p(z). We can write, for any € > 0,

E(|F — x|(1—m)q) < =m)a / |z — x|(1_m)qp(x)dx
jo—z|<e
< =m)a Cm’pg(pfm)/(pfl)]\/[_ (62)
Therefore, substituting (62) into (61), we get
M < Ame,, (elfm + C%%e(p’m)/le/q) )

Now we minimize with respect to e and obtain M < AC,,,M'~Y/™ for some constant
Cn.p, which implies that M < CJ7 JA™. If p is not bounded, we apply the procedure to
p * s, where 15 is an approximation of the identity, and let ¢ tend to zero at the end. [J

Exercises

1. Let F be a random variable with the law N(0,0?). Show that the density p(z) of F'
satisfies

p(x) =0 °E (1{F>$}F) .

2. Derive (52) applying (51) and Meyer’s inequality (43).
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3. Set M, = f(f usdB,, where u = (u;)ieo.r] is a process in L3(P) such that for all
t € [0,T], |ug) > p > 0 for some constant p, u; € D*?, and

T p/2
A= sup E(|Dsul?)+ sup E ({/ |Df,sut|pdt} > < 00,
0

5,t€[0,T r,s€[0,T]

for some p > 3. Applying Proposition 9.4 show that the density of M;, denoted by
pe(x) satisfies

Cc 1
pi() < = P(IMi] > |z])7,

Vi

for all ¢ € [0, T, where ¢ > p%?) and the constant ¢ depends on A, p and p.

t t 2
ds > / (us —I—/ DsurdBr) ds
t(1—h) s

Hint: Use a lower bound of the form

t t
||DMt||fH:/ (u+/ DsurdBr)
0 s

and choose h small enough.

2

4. Show inequality (56).
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10 Malliavin differentiability of diffusion processes.
Proof of Hormander’s theorem

Suppose that B = (B;)ss0, with By = (B}, ..., B), is a d-dimensional Brownian motion.
Consider the m-dimensional stochastic differential equation

d
dX, =Y " 0;(X,)dB] + b(X,)dt, (63)

J=1

with initial condition Xy = xy € R™, where the coefficients o;,0: R — R™, 1 < j <d
are measurable functions.

By definition, a solution to equation (63) is an adapted process X = (X});>o such that,
for any T' > 0 and p > 2,

E( sup |Xt|p) < 00

te[0,7]

and X satisfies the integral equation

d t t
Xi=xz0+ Y / 0;(X,)dB! + / b(X,)ds. (64)
=170 0

The following result is well known.

Theorem 10.1. Suppose that the coefficients oj,b: R™ — R™, 1 < j < d, satisfy the
Lipschitz condition: for all x,y € R™,

max (|o;(x) — a;(y)l, [b(z) — b(y)]) < Klz —y|. (65)

Then there ezists a unique solution X to Equation (64).

When the coefficients in equation (63) are continuously differentiable, the components
of the solution are differentiable in the Malliavin calculus sense.

Proposition 10.1. Suppose that the coefficients o, b are in C*(R™; R™) and have bounded
partial derivatives. Then, for allt > 0 and i = 1,...,m, X} € D", and for r <t and
j=1,....,d,

m d t
DIX; =0;(X)+ ) ) / Ooo(X,) DI X B
k=1 ¢=1"T

t
+Z/ Oeb(X,)DIX " ds. (66)

k=1
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Proof. To simplify, we assume that b = 0. Consider the Picard approximations given by

Xt(o) =z and
n+1 x0+2/ o;( X(n )dB?,

if n > 0. We will prove the following claim by induction on n:

Claim: Xt(n)’i eDb>® foralli=1,...,m,t > 0. Moreover, for all p > 1 and ¢t > 0,

U (t) := sup E ( sup |DTXS(”)]”) < 0 (67)

0<r<t s€(r,t]

and, for all T'> 0 and ¢ € [0, T,

() < 1+ 2 / bn(s)ds, (68)
0

for some constants ¢y, ¢ depending on 7.

Clearly, the claim holds for n = 0. Suppose that it is true for n. Applying property (31)
of the divergence operator and the chain rule (Proposition 5.4), for any r <t,i=1,...,m
,and £ =1,...,d, we get

DTliXt(”‘H)ai _ DZ <Z/ n) dBJ)
= Z(%%X" /DZ )dBJ)

=1

= > (@m (X)) +Z/ o (XMYDEX kdBJ)

=1

.

.

From these equalities and condition (67) we see that X"™"" € D' and we obtain, using
the Burkholder-David-Gundy inequality and Holder’s inequality,

t
IE( sup |D, X(n+1)|p> <ec, (7 4+ 7P 1)/2K;n/ (|DJX ’p) >7 (69)

r<s<t

where
Vp =supE ( sup |Uj(X7f(n))|p> < 0.

n.j 0<t<T
So (67) and (68) hold for n + 1 and the claim is proved.
We know that
E (Sup |xX ™ — Xs|p) — 0

s<T

76



as n tends to infinity. By Gronwall’s lemma applied to (68) we deduce that the derivatives
of the sequence X\™" are bounded in L? (Q; H) uniformly in n for all p > 2. This implies
that the random variables X} belong to D'*°. Finally, applying the operator D to equation
(64) we deduce the linear stochastic differential equation (66) for the derivative of X/.
This completes the proof of the proposition. O

Example 10.2. Consider the diffusion process in R
dXt = O'(Xt)dBt + b(Xt>dt, XO = Xy,

where o and b are globally Lipschitz functions in C*(R). Then, for allt > 0, X; belongs to
DY and the Malliavin derivative (D, X;),<; satisfies the following linear equation:

D,X, = o(X,) + / o/ (X.)D.(X.)dB, + / (XD, (X, )ds

Therefore, by Ito’s formula,

Dxc= oo ([ o0+ [ 006 - Lo 0xas).

Consider the m x m matrix-valued process defined by

d t t
Vi=In+) / doy(X,)Y,dBE + / Ab(X,)Y,ds,
1=1 70 0

where [, denotes the identity matrix of order m and do, denotes the m x m Jacobian
matrix of the function oy; that is,

((‘304); = @-aé.

In the same way, 0b denotes the m x m Jacobian matrix of b. If the coefficients of equation
(64) are of class C'**, o > 0, then there is a version of the solution X;(x¢) to this equation
that is continuously differentiable in z(, and for which Y; is the Jacobian matrix 0.X;/0z:

_0X,

Y, = —.
! 810

Proposition 10.2. For any t € [0,T] the matriz Y; is invertible. Its inverse Z; satisfies
d t
Zy = In-)Y / Z,004(X,)dB"
=170

B /Ot Zs (ab(Xs) - gf‘?oe(Xs)é‘ae(Xs)> ds.
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Proof. By means of It6’s formula, one can check that Z,Y; = Y;Z, = I,,, which implies

that Z, = Y;"'. In fact,

d t t
ZtY;f = Im+Z/ Zs 80_€(X3)stB£“r‘/ ZS(%(XS)Y;ds
— Jo 0
d t
-> / Z,001(X,)Y,dB"
¢=1"0
t
—/ Z8< Zadg aO'g ))Y;ds
0
/ <Z@Ug s)00(X ))Yds =1,.

Similarly, we can show that Y;Z;, = [,,,.
Lemma 10.3. The m x d matriz (D, X;)} = D} X} can be expressed as

D, X, =YY, o (X,),

where o denotes the m X d matrix with columns o4, ...,04.

Proof. It suffices to check that the process @, = Y)Y, 'o(X,), t > r satisfies

d t t
X))+ / doy(X,)®, . dB" + / Ob(X,)®, . ds.
=1"" r

In fact,

)+ 3 [ a0e0 o

/86 (VLY to(X,))ds
Xo)+ (Y = Y)Y, lo(X,) = ViV, lo(X).

This completes the proof.

Consider the Malliavin matrix of X;, denoted by vy, := @; and given by

d t
=Y / D XID!X]ds.
— Jo
That is, Q¢ = fOt(DSXt)(DSXt)Tds. Equation (70) leads to
Qt - }/;Cti/;T7
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where

t
C, = / Y oot (X)) (Y, 1) ds.
0
Taking into account that Y; is invertible, the nondegeneracy of the matrix ); will depend
only on the nondegeneracy of the matrix ', which is called the reduced Malliavin matriz.

10.1 Absolute continuity under ellipticity conditions

Consider the following ellipticity condition:

(E) The vectors o1(xg), . ..,0q4(xo) span R™.

Notice that condition (E) is equivalent to saying that the matrix oo® (zy) is invertible.

We need the following technical lemma.

Lemma 10.4. Let C' be an m X m symmetric nonnegative definite random matriz. Assume
that the entries CY have moments of all orders and that for any p > 2 there exists ¢y(p)
such that, for all e < €y(p),

sup P (UTC’U < e) < P,

|v|=1

Then E((det C')™?) < oo for all p > 2.

Proof. Let A = inf,—; vTCv be the smallest eigenvalue of C'. We know that A\™ < det C.

1

Thus, it suffices to show that E(A™?) < oo for all p > 2. Set |C| = (Z;njzl(Cij)z)i. Fix
€ > 0, and let vy, ...,vyN be a finite set of unit vectors such that the balls with their center

in these points and radius €2/2 cover the unit sphere S™~!. Then, we have

P(A<e) = P(inf UTCU<6)

lv|=1

< p <inf WTCv < €,]C] < %) 4P (yC| > %) (72)

=1

Assume that |C| < 1/e and v] Cvy, > 2¢ for any k = 1,..., N. For any unit vector v, there
exists a vg such that |v — vz < €2/2 and we can deduce the following inequalities:

e v Coy — [T Cv — vf Cuy|
2¢ — ([ Cv — v Cug| + [v" Cuy, — vf Cuy|)

2¢ = 2|C||lv —vg| > €.

AVAR VARV

As a consequence, (72) implies that

PA<e) <P ( LNJ{U{CW < 26}) + P (|C| > %) < N(2e)PT2™ 4 PE(|C)P)

k=1
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if e < %eo(p +2m). The number N depends on € but is bounded by a constant times e~2™.
Therefore, we obtain P(A < ¢) < Ce for all € < ¢;(p) and for all p > 2. This implies that
A~! has moments of all orders, which completes the proof of the lemma. O

Theorem 10.5. Let (X;)i>o be a diffusion process with C'*® and Lipschitz coefficients.
Then, for any t > 0, the random vector X, is non-degenerate.

Proof. We know that X € D> for each i = 1,...,m. Then, it suffices to show that for
all t > 0 and all p > 2, E((det Q;)™?) < 0o, where ), is the Malliavin matrix of X;. The
proof of this will be done in several steps:

Step 1: Taking into account that
E (|det Y, '[? 4 | det V;|") < oo,

it suffices to show that E((det C;)™?) < oo for all p > 2.
Step 2: Using Lemma 10.4, the problem reduces to showing that, for all p > 2, we have

csup P (vI'Cv <€) < ¢, (73)

lv|=1

for any € < €y(p), where the quadratic form associated with the matrix C; is given by
d t
v Co = Z/ (v, Y, oi( X)) ds. (74)
j=170

Step 3: In order to show the estimate (100), we set

d

Zy= (0,Y " oi(X))%
j=1
The ellipticity assumption implies that

d
Zy = Z(uYS’laj(xo»Q > inf (v, Y, o(20))? = v > 0.

. lv|=14
J=1 J=1

U

Suppose that € < % Then, we have

P (UTCt’U < e) =P <i /t<v’y;10j(XS)>2ds < 6)

2¢/y
P / Zds <€
0

Z,
§P< sup |ZS—Z0]§7O>.

0<s<2¢/vy

IN
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. Then, for any p > 2, we obtain

sup | Zs — Zol”
0<s<2¢/vy

p(1+a)
r‘)/

for any o < 1/2. This completes the proof. ]

2 p
P (UTCt’U S 6) S (7) FE

0

Corollary 10.6. Under the assumptions of Theorem 10.5, for anyt > 0, X; has a density.

Example 10.7. Assume that o(xg) # 0 in Example 10.2. Then, for any t > 0, the law of
X, is absolutely continuous with respect to the Lebesque measure in R.

10.2 Regularity of the density under Hormander’s conditions

We need the following regularity result, whose proof is similar to that of Proposition 10.1
and is thus omitted.

Proposition 10.3. Suppose that the coefficients o;, 1 < j < m, and b of equation (63)
are infinitely differentiable with bounded derivatives of all orders. Then, for allt > 0 and
i=1,...,m, X} belong to D>.

Consider the following vector fields on R™:

0; = ZO'j((T)a—Ii, jzl,...,d,

i=1

)
b = Zb%(x)(%i.
=1

The Lie bracket between the vector fields o; and oy, is defined by

v v

[0, 0] = 00 — oo = 0} o — 0} 0,
where
m
-0
v 4 i
oo = g 00007, —.
J ' J k@xi
=1

Set

d
1
op=1b— 520505.
=1

The vector field o appears when we write the stochastic differential equation (64) in terms
of the Stratonovich integral (see Section 2.7) instead of It6’s integral:

d t t
Xt:x0+2/ aj(Xs)ongJr/ oo(X,)ds.
j=1"0 0
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Let us introduce the nondegeneracy condition required for the smoothness of the density.
(HC) Hérmander’s condition: The vector space spanned by the vector fields

O1y...,04, [04,05],0 <i<d,1<j<d,|oy,[05,0,]],0 <i,5,k <d,...

at the point z is R™.
For instance, if m = d = 1, o{(z) = a(z) and o}(z) = ao(z); then Hormander’s
condition means that a(xg) # 0 or a"(xg)ag(z) # 0 for some n > 1.

Theorem 10.8. Suppose that the coefficients o;, 1 < j < m, and b of equation (63) are
infinitely differentiable with bounded derivatives of all orders.. Assume that Hormander’s
condition holds. Then, for any t > 0, the random vector X; has an infinitely differentiable
density.

This result can be considered as a probabilistic version of Hormander’s theorem on the
hypoellipticity of second-order differential operators. In fact, the density p;, of X, satisfies

the Fokker—Planck equation
0
—— 4+ L7 =0

where
1 & 0P 20
L= v b'—.
2 ijzzl(o—a ) 8.%’18:6] * i1 &r;l

Then, p; € C*°(R™) means that 0/0t — L* is hypoelliptic (Hérmander’s theorem).
The next lemma was proved by Norris, following the ideas of Stroock, and is the basic
ingredient in the proof of Theorem 10.8.

Lemma 10.9 (Norris’s lemma). Consider a continuous semimartingale of the form

t d t
Yt—y—l—/ asds—l-Z/uidBé,
where
a(t) =a+ / Bsds + Z/ v.dB;

and ¢ = E (SUpogth(’Bt| + el + fa] + ’Ut‘)p) < o0 for some p > 2.
Fix q > 8. Then, for all v < (q — 8)/27 there exists an €y such that, for all € < €y, we

have
T T
P(/}ﬁﬁ<&/(mﬁ+wmﬁzangﬁ
0 0

Proof of Theorem 10.8. The proof will be carried out in several steps:
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Step 1 Fixt > 0. Asin the proof of Theorem 10.5, the problem reduces to showing that,
for all p > 2, we have

sup P (UTCtU < 6) <€,
lv]=1

for any € < €q(p), where the quadratic form associated with the matrix C; is given by
d t
v Co = Z/ (v, Y, o (X)) 2ds. (75)
j=17"0

Step 2 Fix a smooth function V' and use Itd’s formula to compute the differential of

Y, V(X))

dY,7'V(X) = Y ow VI(X,)dBf
k=1 ;
Ly [ao,w+§2[ak,[ak,vn)<xt>dt (76)
k=1

Step 8 We introduce the following sets of vector fields:

20 = {0-17"'70-d}7
S0 = {lon VL k=0,....d,VeTo,} ifn>1,
X = U'?LO:OEn

and
26 = Z07
Y= {[gk,V],k:L...,d,VeZ;l;

d
00, V] + 1 [o3, [0, VI,V & 2;1} o1,

=1
!/ /

We denote by ¥, (z) (resp. X! (z)) the subset of R™ obtained by freezing the variable
x in the vector fields of ¥, (resp. X!). Clearly, the vector spaces spanned by ¥(zg) or
by X'() coincide and, under Hérmander’s condition, this vector space is R™. Therefore,
there exists an integer j, > 0 such that the linear span of the set of vector fields ;(’:0 ¥ ()
at point xy has dimension m.

As a consequence,

inf Z > (0, V(20))* =R >0. (77)



Step 5 TForany j =0,1,...,75 we put m(j) = 2™% and define the set
t
B={ ¥ [wrrvinas < e}
ves 70
Notice that {v7Civ < €} = Ej because m(0) = 1. Consider the decomposition
Ey C (EoﬂEf) U (El ﬂEg) U---u (Ejo—l QEJC'O) U F,
where ' = Eqg N Ey N ---N Ej,. Then, for any unit vector v, we have

Jo—1
P(v"Cyo <€) = P(Eg) < P(F) + Y  P(E;NES,,).

Jj=0
We will now estimate each term in this sum.

Step 5  Let us first estimate P(F'). By the definition of F' we obtain

P(F) < P (Z S [ vy < o+ pers).

j=0 Ve

Then, taking into account (77), we proceed as in the proof of Theorem 10.5, using the
process

Zs = Z Z <U»YS_IV<XS)>27

j=0 vex

and we obtain that for any p > 1, there exists ¢y such that
P(F)<¢
for any € < €.

Step 6 For any j = 0,...,jo, the probability of the event E; N EY, is bounded by the
sum with respect to V' € X} of the probability that the two following events happen:

t
/ (0, Y7V (X)) 2ds < ™)
0

and
,;d; /Ot<U’YS_1[0kvV](Xs)>2ds
(o (V14 il V) 000 02

J=1
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where n(j) denotes the cardinality of the set Y.
Consider the continuous semimartingale ((v,Y; 'V (X)))s>0. From (76) we see that
the quadratic variation of this semimartingale is equal to

d s
> [ e o, VICK ),
k=10

and the bounded variation component is

d

/08 <U, v ([ao, VI+ 1> oy, o, V]]) (XT)>dr.

j=1

Taking into account that 8m(j+1) < m(j), from Norris’s lemma (Lemma 10.9) applied to
the semimartingale Y, = vTY, 1V (X,), we get that, for any p > 1, there exists an ¢ > 0
such that

P(E; N E¢

1) <€

for all € < ¢y. The proof of the theorem is now complete. ]

Exercises

1. Consider the stochastic differential equation

dX}! = dB}+sin X}dB?,
dX? = 2X}dB}+ X!dB?
with initial condition o = 0. Show that the vector fields oy and [o7,05] at x = 0

span R? and Hormander’s condition holds. Deduce that X; has a C*°(R?) density
for any ¢ > 0.
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11 Malliavin-Stein’s approach for normal approxima-
tions

In this section we will combine the techniques of Malliavin calculus with Stein’s method for
normal approximations in order to establish quantitative versions of central limit theorems.

11.1 Stein’s method for normal approximation

The following lemma is a characterization of the standard normal distribution on the real
line.

Lemma 11.1. A random wvariable X such that E(|X|) < oo has the standard normal
distribution N(0,1) if and only if, for any function f € CL(R), we have

E(f(X) = f(X)X) =0. (78)

Proof. Suppose first that X has the standard normal distribution N(0,1). Then, equality
(78) follows integrating by parts and using that the density p(z) = (1/v/27) exp(—2?/2)
satisfies the differential equation

p'(x) = —zp(x).

Conversely, let p(\) = E(e™), X\ € R, be the characteristic function of X. Because X is
integrable, we know that ¢ is differentiable and ¢'(\) = iE(Xe*¥). By our assumption,
this is equal to —Ap(\). Therefore, p()\) = exp(—\?/2), which concludes the proof. O

If the expectation E(f'(X) — f(X)X) is small for functions f in some large set, we
might conclude that the distribution of X is close to the normal distribution. This is the
main idea of Stein’s method for normal approximations and the goal is to quantify this
assertion in a proper way. To do this, consider a random variable X with the N(0, 1)
distribution and fix a measurable function h: R — R such that E(|h(X)]) < oco. Stein’s
equation associated with h is the linear differential equation

(@) —xfn(x) = h(z) — E(R(X)), z€eR. (79)
Definition 11.2. A solution to equation (79) is an absolutely continuous function f, such
that there exists a version of the derivative f; satisfying (79) for every x € R.

The next result provides the existence of a unique solution to Stein’s equation.

Proposition 11.1. The function

x

falw) = 12 / (h(y) — E(h(X)))e /2y (80)

—00

is the unique solution of Stein’s equation (79) satisfying

lim e /% f,(z) = 0. (81)

r—+o0
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Proof. Equation (79) can be written as
d
e (72 () ) = hi) — E(h(X)).
T
This implies that any solution to equation (79) is of the form
fla) =™ P [ (y) ~ B(RCO))e 2y,

for some ¢ € R. Taking into account that

T

Jim [ (h(y) - E(h(X)))e ¥ /*dy =0,

the asymptotic condition (81) is satisfied if and only if ¢ = 0. O
Notice that, since [, (h(y) — E(h(X)))e ¥*/2dy = 0, we have
[ 00 = By = [0 - BN (@)

Proposition 11.2. Let h: R — [0,1] be a measurable function. Then the solution to
Stein’s equation fi, given by (80) satisfies

™ !
il <[5 and Al <2 3

Proof. Taking into account that |h(z) —E(h(X))| < 1, where X has law N(0,1), we obtain

@l < et [ ey < \/g
|z

because the function z — ¥ /2 f‘;T e ¥*/2dy attains its maximum at z = 0.
To prove the second estimate, observe that, in view of (82), we can write

T

fulx) = h(z) —E(h(X))ere”"g/Q/ (h(y) — E(h(X)))e "/ *dy

—00

— b(x) = () — 2™ [ (hly) ~ B0y

for every x € R. Therefore

(@) <1+ |~”C|€$2/2/ eV Py < 2.

||

This completes the proof. ]
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11.2 Total variation and convergence in law

Let F), be a sequence of random variables defined in a probability space (€2, F, P).

Definition 11.3. We say that F, = F if Elg(F.)] — Elg(F)] for any g : R — R
continuous and bounded.

We know that F, 5 F if and only if P(F, < z) = P(F < z) for any point z € R of
continuity of the distribution function of F'.
The total variation distance between two probabilities 11 and 15 on R is defined as

dry(v1,v2) = sup |1 (B) — 1a(B)|
BeB(R)

We denote by Pp = P o F~! the probability distribution of F. Then, dry(Pr,, Pr) — 0 is

strictly stronger that the convergence in law F, AF.
Using the Stein’s method, we can prove the following result.

Proposition 11.3. Let v be a probability on R. Then,

dry(v,v) < sup
pEFry

/R ¢/(z) — z(a)]v(dr)|,

where

Frv = {6 € CHR): ol < @ ¢/l < 2.

Proof. Let h : R — [0, 1] be a continuous function and let ¢, be the solution to the Stein’s
equation associated with A, that is,

h(z) = E[h(Z)] = ¢),(x) — x¢n(x).

Integrating with respect to v yields

/thu—/th”y' =

< sup
$EC(R):[[Blloc </ F 19" [l <2

/R 16 () — 2n ()] (de)

/R 6/(z) — 2()w(dz)]

This inequality holds for any h : R — [0, 1] measurable, because we can approximate h by
continuous functions almost everywhere with respect to the measure v+~. Taking h = 1,
we obtain the result. [
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11.3 The Malliavin-Stein’s approach

Let B ={B(h),h € H} be an isomormal Gaussian process on a Hilbert space H defined on
a probability space L*(Q, F, P). Assume that F is generated by B. The following results
connects Stein’s method with Malliavin calculus.

Theorem 11.4 (Nourdin-Peccati). Suppose that F € DY“? satisfies F = 6(u), where u
belongs to the domain in L*(Q) of the divergence operator 6. Then,

dry (Pr.7) < 2E[|1 — (DF, u)a).

Proof. 1t follows from
E[Fé(F)] = E[0(u)¢(F)] = E[{u, D[¢(F)]) ] = E[¢'(F)(u, DF)n].
Therefore,

E[¢"(F)] —E(Fo(F)]| = [E[¢"(F)[1 - (DF, u)ul|
< 2E[|1 — (DF,u)yl]

for any ¢ € Fry. O

Example 11.5. Consider the Brownian motion case and let F = fOT usdBg, where u is a
progressively measurable process in DY2(H). Then,

T
DtF = Ut +/ DtUSst,
t

T T
0 t

T T
(/ DtUSdBS) utdt >
0 t
1
T s 2 2
E/ (/ 'U/tDtUSdt) ds .
0 0

Therefore, a sequence F,, = fOT uﬁ”’st, where u™ is progressively measurable and u™ €
D2 (H), converges in total variation to the law N(0,1) if:

and

As a consequence,

dro(Pron) < 2E(|1—||u||é|)+2E(

IN

E (11— llull%]) +2

(i) [[u™|% — 1 in LY(Q) and
(i1) Efo ( S ul™ Dyu )dt> ds — 0.
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A particular ezample is

ugn) =V 2nt™ eXp(Bt(l - t))]-[O,l] <t)

Remarks:
(i) We can take u = —DL™'F, because
F=LL'F=—-6DL'F,

and, we obtain

drv(Pr,v) < 2E[|1 — (DF,—DL™'F) g

(ii) If E[F?] = 0% > 0 and we take 7, = N(0,0?), we can derive the following inequality:

drv(F,75) < —Ell0” ~ (DF,u)ul] < —5/Var(DF, u}r).

Proof. We can write

drv(F,7,) = sup |P(F € B)—7,(B)
BeB(R)
= sup |P(c7'Fe€o'B)—v(c'B)
BeB(R)
= sup |[P(oc"'F € B)—v(B)|
BeB(R)

IN

2
;EHO’Z — (DF,u)gl].
Finally, using that

E((DF,u)y) = B(Fb(u)) = E(F?) = o*,

and applying Caucy-Schwarz inequality we get the second inequality. ]

11.4 Normal approximation on a fixed Wiener chaos

Proposition 11.4. Suppose F € H, for some q > 2 and E(F?) = 0. Then,

2
drv(Pr,Ys) < e Var (| DF||%)

Proof. Using L™'F = —%F, and taking u = —DL™'F, we obtain
1
(DF,u)y = (DF,~DL™'F)y = —||DF||%,
q
which allows us to conclude the proof O
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Proposition 11.5. Suppose that F' = 1,(f) € H,, ¢ > 2. Then,

(q—1)q

var (IDFI3) < 4

(B(F*) = 30%) < (¢ — 1)Var (| DF|%)

Proof. This proposition is a consequence of the following two formulas:
q—1

4
Var (1DFI) = S0 (*) (20 = 200180 By (5)

r=1

Proof of (84): We have DiF = ql,_1(f(-,t)), and using the product formula for multiple
stochastic integrals we obtain

T
IDFIE = ¢ / I (F( )2
0
q—1 _1 2 _
= qQ;r!(qr )IZq—27’—2<f®r+lf)
q O\ 2 N
= #3017 )) Bea5)

q—1 . 2 _
= e+ X0 -0 (1) BenliBs). 89)
r=1

r —

Then, (84) follows from the isometry property of multiple integrals.
The second formula is the following one:

q—1

4
BIF =30 = 2 Y r2 () 20— 200015 P (56)

r=1

Proof on (86): Using that —L™'F = _F and L = —4D we can write

E[F*] = E[F x F?| =E[(=6DL'F)F?* = E(-DL™'F, D(F?)) 4]
— E(DF,D(F))x] = “E[F*|DFI3) (87)

By the product formula of multiple integrals,

q—1 2
P = 10 = s+ (7)) Faea 651 59
r=0

Then (86) follows from (87), (88), (85) and the isometry property of multiple integrals. [
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11.5 Fourth Moment theorem

Stein’s method combined with Malliavin calculus leads to a simple proof of the Fourth

Moment theorem:

Theorem 11.6 ([19, 20]). Fiz ¢ > 2. Let F,, = I,(f,) € Hy, n > 1 be such that

lim E(F?) = o2

n—oo

The following conditions are equivalent:
(i) F, 5 N(0,0%), as n — .
(ii) E(FY) — 30, as n — oo.
(111) || DF,||% — qo? in L*(Y), as n — oo.
(iv) Foralll1<r<gq-1, [, ® fn—0, asn — co.
This theorem constitutes a drastic simplification of the method of moments.

Proof. First notice that (i) implies (ii) because for any p > 2, the hypercontractivity
property of the Ornstein-Uhlenbeck semigroup implies

q
sup [[Full, < (p = 1)2 sup || Fy]l, < oo

The equivalence of (ii) and (iii)) follows from the previous proposition, and these conditions
imply (i), with convergence in total variation. The fact that (iv) implies (ii) and (iii) is a
consequence of || @, full < || frn @ fnll. Let us show that (ii) implies (iv). From (88) we
get

q 4
B = 0 (7) 2= 2Bl
r=0
q—1 4
= QOIS Sl + (1) Ca 2Bl
@) ol

Then, we use the fact that (2)!]| fu®ful|%e2, equals to 2(q!)?|| fal|fes Plus a linear combi-
nation of the terms || f,, ®, fn\ﬁ{@@q,m, with 1 <r < ¢ — 1, to conclude that

an Qr anH®(2¢I*2T) _>07 1 STSC]—l
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11.6 Multivariate Gaussian approximation
The next result is as multivariate extension of the fourth moment theorem.

Theorem 11.7 ([22]). Letd > 2 and 1 < q; < --- < qq. Consider random vectors

F, = (F;77Fg) = ([q1<f71)""7[qd(fg))’
where f' € L2([0,T]%). Suppose that, for any 1 < i <d,

lim E[(F!)?] = o7. (89)

n—oo

Then, the following two conditions are equivalent:

(i) F, A Ny(0,3), where X is a diagonal matriz such that ¥y = o?.

(ii) For everyi=1,...,d, Fi 5 N(0,02).

Note that the convergence of the marginal distributions implies the joint convergence
to a random vector with independent components.

Proof. 1t suffices to show that (ii) implies (i). The sequence of random vectors (F},),>1
is tight by condition (89). Then, it suffices to show that the limit in distribution of
any converging subsequence is N4(0,%). We can then assume that the sequence (F,,),>1
converges in law to some random vector F,, and it only remains to show that the law
of Fy is Ng(0,%). For every n and t € RY, define ¢, (t) = E(e/®"™)). Let o(t) be the

characteristic function of the random vector F,,. We know that for all j =1,...,d,
0 , . , o Oy
L (t) =4 (Fie't) — R (FLe W) = Z2(1). 90
oo (1) = (F) o i (FLe)) = 22(1) (90)

On the other hand, using the definition of the operator L, Proposition 7.4, and the duality
relation between D and 9, we have

E (F£6i<t,Fn>) _ _qlE (LFTJL‘ez‘<t,Fn>) _ _qiE (_5D<F£>ei(t,Fn))
J j
. d
. ((DFS, D) ) = =3 4, (em,pn)%) 7
% U=

where vp, is the Malliavin matrix of the random vector F,,, introduced in (53). Therefore,

d

Do 1 r
o (== 3 0B (). (91)
J J

We claim that the following convergences hold in L?(Q) for all 1 < j,h < d, as n tends to
infinity: '
v =0, j#h, (92)
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and -
T = g0} (93)

In fact, (93) follows from condition (iii) in Theorem 11.6 and the fact that 'yfpjn = |DF?||%.
On the other hand, using the product formula for multiple stochastic integrals and assuming
J < h yields

E«Dmﬂn%&>:ﬁﬁﬁ<{éw@1Uﬂw»%lumgmw})

g;—1
g — 1\ [(qn—1 ,
= quq’%bE {Z < ’ r ) ( hr )T!Iq]'-i-%—?—??’(f% Qr41 fviL)}

r=0

2

g;—1

2 2
Q‘—l qh—l oL
= (0T (") RS

r=0

22% Qj_129h_12 N2I| £ 2
S qth r—1 r—1 ((T - 1)) an Sr fn HH®(qj+qh*27")'
r=1

Then, to show (92) it suffices to check that || @ fill} e, a2 converges to zero for all
1 <r < g;. This follows from

||frjz ®7" f’VI]:LHiI@(q]""(Ih_QT) = <f7]1 ®qj—7" fyjmf:; ®qh—r f7}5>H®2T
< 2 ®g—r Fillmeer | f ®gp—r fillzreer,

and the fact that ||f? ®g, . f||geer converges to zero by condition (iv) in Theorem 11.6
because 1 < ¢, —r < ¢, — 1. Finally, (92) and (93) allows us to take the limit as n — oo
in the right-hand side of (91), and in view of (90), we obtain

92

for j=1,...,d. As a consequence, ¢ is the characteristic function of the law Ny(0,%). O

11.7 Chaotic Central Limit Theorem
Theorem 11.8. Let Iy, =Y 2, 1,(fyn), n > 1. Suppose that:

(i) For all q> 1, ¢||foull® = 02 as n — oco.
(1) For allg>2 and 1 <r <q—1, fon ® fgn — 0 asn — oo.

(11i) @\l famll® < Oy, where 37, 04 < 0.
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Then, as n tends to infinity

q

F,5 N(0,0°%), where o= 202.
q=1

Assuming (i), condition (ii) is equivalent to (ii): limp, e E(I4(fen)") = 30y, ¢ > 2.
The theorem implies the convergence in law of the whole sequence (I,(f;.),¢ > 1) to an
infinite dimensional Gaussian vector with independent components.

Proof. Let &, ¢ > 1, be independent centered Gaussian random variables with variances
o2. For every N > 1, set FYV = Z]qul I(fyn) and &Y = Z(];]:l ¢,- By Theorems 11.6

q
and 11.7, for each fixed N, F¥ converges in law to £V as n tends to infinity. Define also

§=20"1& Let f bea Cj(R) function such that [|f||e and ||f'||o are bounded by one.
Then,

B (f(Fn) —E ()] < [E(f(F.) —E (f(FY))]
+|E(F(FY) —E(FE)|+ B (FEY) —E(f(©)]

0o 1/2
< ( > q!nfq,nuz@q) +[E(f(F)) —E(f(EY)]

g=N+1

+[E(f(€M) —E(f(©)]-
Taking first the limit as n tends to infinity, and then the limit as N tends to infinity, and
applying conditions (i), (iii), we finish the proof. O

Exercises

1. Show that the sequence F™ = fol udB, where B is a Brownian motion and
Ugn) =V 2nt™ eXp(Bt(l - t))a 0 S t S 1,

converges in law to the distribution N(0,1).

2. Let B = (By)icpp,1) be a standard Brownian motion. Consider the sequence of Ito’s
integrals

1
Fn = \/ﬁ/ tnBtdBt, n Z 1.
0
Show that sequence F), converges stably to nS as n — oo, where 1 is a random
variable independent of B with law N(0,1) and S = %.

Hint: A sequence of random variables F;, is said to converge stably to a random
variable F' defined on an extended probability space (€2, F, P) if one of the following
equivalent conditions hold true:
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(i) E[Ze?Mn] — E[Ze™F] for any A € R and for any bounded and F-measurable
random variable Z.

(i) (Fn,Z) converges in law to (F' < Z), and for any bounded and F-measurable
random variable Z.

You need to show that (B, F},) converges in law to (B,nS) in C([0,1]) x R). Then,
use the decomposition fol = fll 5 f for § € (0,1) and let n — oo and & — 0.

. Let ¢ > 2, and let F,, = I,(f,) be a sequence of multiple stochastic integrals such
that E[F?] =1 for all n. Denote ¢,(\) = E[e**"] the characteristic function of F,.

(i) Show that, for all A real,

A .
Pn(A) = —EE[e“F"HDFH?IJ-

n

(ii) Using (i) as well as the fact that the mapping t — El[e"?]|, Z ~ NO,1) is the
unique solution to the differential equation ¢'(t) + to(t) = 0, ¢(0) = 1, show
that Var||DF||% — 0 implies that F, converges in law to a centered normal
random variable.

. Let F = (FW ...  F(™)be arandom vector such that F® = §(v®) for v® € Dom 6,
i=1,...,m. Assume F € D2 for i = 1,...,m. Let Z be an m-dimensional
Gaussian centered vector with covariance matrix (C;;)1<i j<m. Show that for any C?
function A : R™ — R with bounded second partial derivatives, we have

E(h(F)) ~ B(h(Z))] < 511 ZE DF®,v)) ),

i,0=1
where
9%h (z)
Ox;0x; )

Hint: Assume that Z is independent of the underlying isonormal Gaussian process

B. Introduce the function ¥(¢) = E[h(v/1 —t)F +V/tZ)], t € [0,1]. Then

" _
L e

Then, compute the derivative of the function ¥ and integrate by parts with respect
to Z and use the representation of the components of F' as a divergence and the
duality formula.
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12 Central limit theorems for stationary sequences

Suppose that (X,,),>1 is a sequence of random variables, defined in some probability space
(Q, F, P), which are independent and identically distributed, with zero mean and finite
variance E[X?] = o2. Then, the classical central limit theorem says that

1 < c )
— ) X 5 N(0,0%).
Vi

That means, for any a < b,

1 & b1 2 /o2
Iim Pla< — X, <b| = ey,
n—00 ( - \/ﬁ Z k= ) /a v/ Qo2

k=1

In this section we will apply the Malliavin-Stein’s method to establish quantitative versions
of the central limit theorem, where the independence property is replaced by stationarity
and we consider random variables which are functionals of a given Gaussian process.

12.1 Breuer-Major theorem

Recall that v denotes the standard normal distribution and H, is the ¢-th Hermite poly-
nomial. A function g € L*(R,~) has Hermite rank d > 1 if

oo

g(z) = Zchq(fE)a ca # 0.

q=d

For example, g(z) = |z|? — [, [#[Pdy(x), p > 1, has Hermite rank 2.
Suppose that

Xn,=90,)], nez,

where

e 0 = (0k)rez is a centered stationary Gaussian sequence with unit variance and co-
variance

p(v) = E[60,], veZ.
e g € L*(R,v) has Hermite rank d > 1.
Theorem 12.1 (Breuer and Major [3]). Let g € L*(R,~) with Hermite rank d > 1 and

assume
S lo(k)|* < oc.

keZ
Then,

1 o c )
F,=— g(0r) = N(0,0°),
77 220000 5 N 0.
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as n — oo, where

o? = Z mlc?, Z p(k (94)

keZ
Note that |p(k)| <1, so

o < Z 2D 1p(R) = llglFa@q D oK)

keZ keZ
Proof. From the chaotic Central Limit Theorem, it suffices to consider the case g = c¢,H,,
q > d. There exists a sequence (e;,);>1 in H = L*([0,T]) such that for each j,k > 1,
{ex, €5)m = p(k = j).

Let (By)iepo,r be a Brownian motion. The sequence (B(ey))r>1 has the same law as (0 )g>1,
and we may replace F,, = Zk L H,(6x) by

6= L Z Hy(B(e) = 1,(fyn).

— % n ®q :
where fo, = £ ¢, We can write

n

qlc? v|
QM fonllied = 7" p(k =) =qlc) > plv) (1 - —) Lo <ny

k.j=1 vEZ
and by the dominated convergence theorem
E[G2] = ¢![| fynll3ea — q!cg Zp(“)q — 2
vEZL

Applying the Fourth Moment Theorem, it suffices to show that forr =1,...,¢ — 1,

2 n

C

Fan ®r fom =2 plk— ) e; ™ @ef ™ 0.
n k,j=1
We have
4 n
c N , o .
[ fom @ fanllfocian =5 > plk=5) 0l =€) plh = )" p(j = )"

1,5,k =1

Using |p(k — §)"p(k — 17| < |p(k — j)|7 + |p(k — §)]%, we obtain

1 fom @ Fanllgoeean < 265> Ip(R)* {00 > o)

keZ li|<n

D SN0 [

lil<n
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Then, it suffices to show that forr=1,...,¢—1

Y

ST (i) 0.

li|<n

This follows from Holder’s inequality. Indeed, for a fixed 6 € (0, 1), we have the estimates

r

nTE ST ()] < nT(2[no) + 1) (Z 10(3) q) < ',

|i]<[nd] i€Z
and

A SRR PT0 el I PO

) <li|<n ] <li]<n

The first term converges to zero as ¢ tends to zero and the second one converges to zero
for fixed § as n — oo. [

12.2 Convergence in law in C([0,T7])

In the framework of the Breuer-Major theorem, we are interested in the convergence in
law in the space C([0,T]).

Definition 12.2. Let Y, := (Y, (t))tcjo,r) be a sequence of continuous stochastic processes.
We say that this sequence converges in law to a continuous process Y if for any continuous

and bounded function ¢ : C([0,T]) — C([0,T]), we have

lim E(p(Y,)) = E(p(Y)).

n—oo

A basic ingredient to show convergence in law in an infinite dimensional space is the
notion of tightness.

Definition 12.3. A sequence of probabilities (vy,)n>1 on C([0,T)) is tight if for any € > 0
there exists a compact set K. C C([0,T]) such that

sup v, (KY) < e

n>1

By the Arzela-Ascoli theorem, a set of functions K C C([0,77]) is compact if and only
if :

(i) SUDze K te[0,T) |[z(t)| < o0.

(ii) K is an equicontinuous set: For all € > 0 there exists ¢ > 0 such that for all z € K,
|s —t] < = |z(s) —z(t)| <e.
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This leads to the folliwing criterion for tightness on C([0,77):

Proposition 12.1. Consider a sequence of continuous stochastic processes Y, = (Y, (t))iejo.1]
defined in a probability space (Q, F, P) and set

va(B) = P(Y, '(B)),
for any Borel set in C([0,T]). The sequence v, = P oY, ! is tight if
(i) sup,>; P(|Yn(0)] > a) — 0 as a T oco.
(ii) For some o> 1 and p > 1.

E[[Y,(t) = Ya(s)|P] < clt — 5[,

It is well known that proving convergence in law in C([0,T]) requires showing conver-
gence of the finite-dimensional distributions and proving tightness. This is the contents of
the next theorem.

Theorem 12.4. Let Y,, = (Yo(t))icjor) be a sequence of continuous stochastic processes.
Then'Y,, converges in law to a continuous process Y if:

(i) The finite-dimensional distributions of Y,, converge in law to those of Y. That is, for
any 0 <ty <--- <ty <T, we have, as n — o0,

Ya(t1), ..., Youltu)) S (Y(t1), ..., Y (tu))

ii) The sequence of laws v, = P oY ! is tight.
n g

In view of Proposition 12.1, a sufficient condition for (ii) is: sup,; E(|Y,(0)[?) < oo
and
E[[Ya(t) — Ya(s)|P] < clt — 5[,

for some v > 1 and p > 1,

12.3 Functional version of the Breuer-Major theorem

In the framework of the Breuer-Major theorem, define Y,, as the continuous process on
[0, T] obtained by linear interpolation from

Y, (N/n) = %Zg(em, N=1,2...

The following result is a functional version of the Breuer-Major theorem.

Theorem 12.5 (Nourdin and Nualart [10]). Let 6 = (0,)nez be a centered Gaussian
stationary sequence with unit variance and covariance p. Let g € L*(R,~) with Hermite
rank d > 1. Suppose that:
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(i) Lkez lp(R)|" <
(i) g € LP(R,~) for some p > 2.
Then, as n — 00,
(Yo(t))eelor) 0B,
where B is a Brownian motion, the convergence holds in law in C([0,T]) and o is defined
in (94).

When the random variables 6,, are independent, this is the classical Donsker theorem:
The random walk converges in distribution to the Brownian motion.

Remark: Chambers and Slud [4] and Ben-Hariz [1] proved the functional version of the
Breuer-Major theorem under the following condition on the rate of the convergence of the
coefficients:

(i) mlc2, < Ca™, m >d,

for some C' > 0 and o < 1.
By the hypercontractivity property, (ii’) implies that g € LP(R,v) for 2 < p < L +1.
In fact,

o0

lgllreqy < Z|Cm|”Hm“LP(R,7)
m=d

< 3 fenlp — 1)EV
m=d

S\/_Z %oo.

The converse is not true. For instance, the function g(z) = |z| — \/g belongs to LP(R,~)
for all p > 2 and its Hermite coefficients satisfy

2(2m)! 2
722 (m!)2(2m —1)2  (2m — 1)%my/mm

Proof Theorem 12.5. For the convergence of the law of Y;, to the law of ¢B in C([0,7]),
we need:

(2m) c%m -

(A) Convergence in law of the finite-dimensional distributions: this follows again from
the Fourth Moment Theorem. Here we only need g € L*(R,~) and condition (i).

(B) Tightness: This follows from the moment estimate:
1Yo () = Ya(s) ooy < clt = s]'2, (95)

for some p > 2, which is proved using techniques of Malliavin calculus.
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M
m=d

Notice that when g = > cm Hy,, by hypercontractivity,

IYa(t) = Yals)lo@) < erpl|Yalt) = Ya(s)ll2(@)
and condition (ii) is not needed.
The proof of the moment estimates (95) will be done in several steps:

Step 1: Embedding the sequence (0x)x>1 in the Wiener space.
Recall that 0 = (0,,),ecz is a centered Gaussian stationary sequence with unit variance
and covariance

Consider a sequence e; € L?([0,T]) such that for each j, k € Z,

T
p(J — k) = (€&j, er) 1201y = / ej(s)er(s)ds.
0
Then,
(ke = (Bler))per -
So, we can assume that 6, = B(ey) = fT ex(s)dBs.

0
Step 2: Shift operator.
Let g € L*(R,~) be a function of Hermite rank d > 1 and expansion

g(x) = Z CmHp ().

For any 1 < k < d, consider the function g, defined by

[e.9]

gr(x) = Z ConHpn—1 ().

m=d

From H,, = 6*H,,_i, we deduce that
0  gi(x) = g(x).

Step 3: Representation of g(0;) as an iterated divergence.

We have
9(0:) = 6%(ga(6:)ed?).
Proof:
g(el) = Z CmHm(ez)
m=d
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Then, for every m > d, using that multiple stochastic integrals are iterated divergences,
we obtain

Step 4: Regularization property of the shift.

Lemma 12.6. If g € LP(R,~) for some p > 2 with Hermite rank d, then, for any i € Z
and k=1,...,d, gp(6;) € DF»,

Proof. Suppose d = 1. We have

1
DL’le(Gl) = _EHTITL<9’L>61 = —Hm,l(Qi)ei.
This implies
gl(ei)ei = —DL_lg(HZ)

The result follows from the equivalence in LP of the operators D and (—L)/? (Meyer
inequalities):
E(1D*L™ g(0) 172 0,r12) < oE(g(6:)]7)-

Step 5: Proof of tightness using Malliavin calculus.
Assume s = % <t= % We can write, using the continuity of the iterated divergence,

N2
1
I¥alt) = Yal$) o) = = | D 9(6)
i=N1+1 LP(Q)
1 || &
= 7r | 2 9 (aul®er)
i=N1+1 LP(Q)
<X | 3 P o)
=Nl LP (L2 ([0.7]4+4)
al; X 1/2
—ca X = D (DH(9a(0), DM 0u09)) o ey 2L — 3’
k=0 i,j=N1+1 L5 @)

Notice that, from Lemma 12.6,

Sup E[| D (9a(6.) [ o z90)] < 000 0< k< d
J
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because E[|g(0;)[P] < co. As a consequence, deduce

No 1/2
||Yn<t>—Yn<s>||Lp<ms0(% S |p<z'—j>|d> .

i j=Ni+1
Finally, the change of indices (,7) — (7,7 + h) leads to

N2

1 . Ny — Ny
LS i I S O S () = - 5).
ij=N1+1 heZ
This completes the proof of the moment estimates. O

12.4 Rate of convergence

Recall that (0y)rez is a centered Gaussian stationary sequence with unit variance and
covariance p(k) = E[0,0,.+], k € Z. Let

Py %ggww,

where g has Hermite rank d > 2 and Y, _, |p(k)|? < co. Then, we know that

1 « c )
Fn == g<9k) _>N(070- )7
Vi

where 0% = 3% c2m!>, o, p(k)™. Assume o > 0. Define 02 = Var(F,) and consider

m=d ~m
the normalized sequence
I
Zy ="
O-n
We are interested in the rate of convergence to zero of drv(Z,, Z) where Z ~ N(0,1). A
basic estimated is given by the following proposition (see (2)).

Proposition 12.2. Suppose that F € D' satisfies F = 6(u), where u belongs to Domd
and E[F?] = 1. Then, if Z ~ N(0,1),

dTv(F, Z) S 2 Var(DF,u)H.

We will discuss here only the case of Hermite rank d = 2. Consider the particular
function g(z) = Ha(z) = 2? — 1. With the assumption ), = B(ey), we can write

1 1

Zn = Uﬂﬁ;[BQ(ej)—l]z anﬁ;5<3(€j)€f)'
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So, Z, = d(uy), where

Then,

and

)p(i — 7).

n =1
As a consequence

Var((DZ,, un> )

= A ST Cov(Blen)Blew), Blew) Blew)plia — inplis i)

n2ol
4 n . . . .
T 2od Z [,0(21 —ig)p(ig — i4)p(i1 — i2)p(is — is)

n

11,12,13,04=1

11,12,13,74=1
+ p(in — ia)pliz — i5)p(in — i2)p(iz — i)
=vV» 4 v@
Both summands are similar and can be treated in the same way. Focusing only on the first
summand, we make the change of variable iy — iy = kq, 13 — iy = k9 and i; — i3 = k3 and
we obtain
v <

=1Q

Z |p(k1)p(k2)p(ks)p(ke + ks — k1)

|ki|<n,i=1,2,3

Set pn(k) = |p(k)|1{jkj<n}. Then, by Hélder’s inequality,

Vn(l) < —(pn, (pn * pn) * pn>€2(Z)

Q3IQ

_||Pn||e4/3 Z)H(Pn * ) * Pn||e4

Applying Young’s convolution inequality, yields

C C 4
V)< Sl < 5 | S ol ] (96)

Ikl<n

Therefore in the case g = H, we have proved the following estimate

3

2

C 4
drv(Zn, Z) < Tn |%\P(k')|
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To handle the case of a general function g, let us recall the definition of the Sobolev
spaces in the context of the one-dimensional Gaussian analysis. For any m > 1 and p > 2,
D™P(R,~) is the class of functions g € LP(R,~) which are m times weakly differentiable
and g € LP(R,7) forall 1 < k < m.

Theorem 12.7 (Nourdin, Nualart and Peccati [11]) If g € DY has Hermite rank 2, then

2

in2,,7) < = S ool | PN (o7)

|k|<n |k|<n

Some ingredients of the proof of Theorem 12.7: We can represent g(B(e;)) as

9(B(e:)) = 6(g1(Blei))es),
where gi(x) = >~ , ¢pHy—1(x). With this representation, we can write Z,, = d(u,),
where

i = Onlﬁ > an(Be))e,

and

(DZy )t = QZg (Ble))pli - ).

nzg 1

Then, we can write

Var((DZ,, un) ) =

Z Cov (¢'(B(ei))g1(Blei)), ' (Bleiy))91(B(eiy)))

11,i2,i3,24=1
X pliy — 12)p(iz — ia), (98)
and use Gebelein’s inequality (Theorem 12.8 below) to estimate the covariances.

Theorem 12.8 (Gebelein inequality). Let Hy; and Hs be subspaces of H and denote by
By and B, the restrictions of B to Hy and Hs, respectively. Consider centered and square
integrable functionals Fy(B;), i = 1,2. Then,

[E[F1(B1) Fa(By)]| < sup |{p1, 02) H]|

©1€H1 p2€Hy |lp1ll m=llw2llm=1
x /Var(Fy(By))Var(Fy(Bs)).
Applying Gebelein’s inequality in (98), we have

254

n-o,

n

C . . . .
Var((DZy, tun) 1) = 2 Z |p(i1 — 12)p(is — ia)|
91,12,13,24=1

x max{|p(iy — is)], [p(ir — ia)l, |p(iz — i3)], [p(iz — ia)[ }

<O ket = S | X 10h)

‘ki|Sn7i:1:273 |k|<n
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This gives the rate

m(%Z)s% S ol

|k|<n
which was proved by Nourdin, Peccati and Yang in [14]. The proof of (97) is more involved
(see [11]]).

Ezample: Suppose that g(z) = |z|P — E[|Z|?], for any p > 1. Consider the particular case
where p(k) ~ k= for some a > 0. Then, condition Y, _, p(k)? < co means o > %, and
the rate is

n-z ifa>1
1
“24/1 ifa=1
drv(Zn, Z) < C x { " VR A
n-e if a€[3,1)
nl—2e if ve(3,3)

In [13] the following optimal version of the fourth moment theorem was derived.

Theorem 12.9. Consider a sequence of random variables (F,),>1 in the chaos H,, where
q > 2. Suppose that E(F?) = 1. Let X be a N(0,1) random variable. Then, there exist
positive constants ¢ and C' such that

cM(F,) <dpv(F,,X) < CM(F,),
where M (F,) = max(|E[F?]|,E[F?] — 3).
In the famework of the Breuer-Major theorem, this yields (see Biermé, Bonami, Nourdin

and Peccati [?]):
2

C 3
dry (Fn, Z) ~ 7n > (k)2
|k|<n
12.5 Fractional Brownian motion

The fractional Brownian motion (fBm) BH¥ = (BF);> is a zero mean Gaussian process
with covariance

E(BYBfY) = Ru(s,t) = = (s + 27 — |t — s|"M) .

N —

H € (0,1) is called the Hurst parameter.
The covariance formula implies E(BH — BH)2 = |t — s[>/, As a consequence, for any
v < H, with probability one, the trajectories t — Bf(w) are Holder continuous of order +:

B (w) — B (w)| < Gyr(w)lt —s|", s, €[0,T].

1. . .
For H = %, B2 is a Brownian motion.
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Properties of the fractional Brownian motion:

1)  The fractional Brownian motion has the following self-similarity property. For all
a > 0, the processes (a HBH);»q and (Bf!);>¢ have the same probability distribution
(they are fractional Brownian motions with Hurst parameter H).

2)  Unlike Brownian motion, the fractional Brownian motion has correlated increments.
More precisely, for H # %, we can write

p(n) = E(BY(By, — By)) =

~ H(2H — 1)n*2

((Tl + 1)2H 4 (n o 1)2H o 2n2H)

N | —

as n — 0o.
(ii) If H > 3, then p(n) > 0 and >, p(n) = oo (long memory).
(ili) If H < 1, then p(n) < 0 (intermittency) and >, |p(n)| < oc.

3) The fractional Brownian motion has finite %—

1 <i<nand define ABfT = Bff — B{' . Then, as n — o0,

variation: Fix T > 0. Set t; = L for

n

1

- 2 a.s.
S |aBfE TR T,
=1

where cg = E[|BH|#].

Proof. By the self-similarity, ", \ABE\% has the same law as
LS iB - B
C—

The sequence (Bf* — BH,);> is stationary and ergodic. Therefore, the Ergodic Theorem
implies the desired convergence. ]

Exercises

1. Let B® = (Bf!);>¢ be a fractional Brownian motion of Hurst parameter H. Define
0r = BfY — Bf* | (fractional noise). Show the following statements:

(i) The sequence (0g)r>1 is Gaussian, stationary and centered with covariance
1
pra(k) = 3 (1P + [k — 1 — 2[4™)

(i) For any integer d > 2 such that H < 1 — 55, we have

Z lpr(v)|? < oo.

VEL
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(ii) By the Breuer-Major theorem if g € LP(R,v), p > 2, has Hermite rank d and
H<1-
[nt]

\/—Zg Bi. ))—>UHB

2 o o0 m . . .
where oy = > 0 c2m! >, pu(k)™ and B is a Brownian motion.

2. Let BH = (BH),> be a fractional Brownian motion of Hurst parameter H. For a real
q > 1, set ¢, = E[|Z]%], where Z ~ N(0,1). Show that the normalized p-variation of
the fractional Brownian motion satisfies

n
1
an—12|BE—BH P £ Z|Bk —BE PS¢,

3. Let BY = (Bf');>¢ be a fractional Brownian motion of Hurst parameter H. If H < 2

show that |
nt

c
\/_Z [ pH|BH By 1|p_cp] — ou,pB,
where B is a Brownian motion.

4. Let BH = (Bf);>0 be a fractional Brownian motion of Hurst parameter H. Show
that the sequence Z,, = % Sopoy [(BEE = BiL,)? — 1], with Var(Z,) = 1, satisfies:

n if He (0,2)
dry(Zn, Z) ~cg X ¢ n %(logn)2 ifH= %
nbH—3 ifHe(33).
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13 Spatial averaging of stochastic partial differential
equations

13.1 Stochastic heat equation

Consider the one-dimensional stochastic heat equation

ou 10%u oPwW
o 202 T Woge TR 120
with initial condition ug(x) = 1, driven by a space-time white noise gi—g‘;. We assume that

o is a Lipschitz function such that (1) # 0.
The space-time white noise is formally defined as an isonormal Gaussian process W
on the Hilbert space H = L*(R,; x R). Writing W(A) = W(1,4) for A € B(R; x R)
with |A| < oo, we obtain a Gaussian centered family of random variables {W(A), A €
B(R; x R),|A| < oo} with covariance given by
E[W(A)W(B)] = |AN B|.

We will make use of the notation
W(h) = / h(t,x)W (dt,dz),
R+ xR

Formally, gi—g‘; is the density of the random measure W with respect to the Lebesgue

measure. Moreover, W(s,t) = W([0,s] x [0,t]), s,t > 0 is a two-parameter Brownian
motion.

13.2 Stochastic integration

For any ¢ > 0, let F; be the o-algebra generated by {W(A), A € B([0,t] x R)}. A random
field v = {u(t,z),t > 0, € R} is adapted if u(t,x) is Fi-measurable for each ¢t > 0
and x € R. We can define the Ito-Walsh stochastic integral of adapted and measurable
processes u such that

/ E(u?(t,z))dtdr < oo,
R+ xR

in such a way that the following isometry property holds:

E( 2) _ / E(u2(t, z))dtdz.

Suppose that J is the divergence operator in the framework of the Malliavin calculus
for the isonormal Gaussian process {W(h),h € H}. Then, if v € L*(Q x Ry x R) is a
square integrable adapted random field, v belongs to the domain of § and §(v) coincides
with the Ito-Walsh integral of v:

5(1}):/R Rv(s,y)W(ds,dy).

/ w(t, )W (dt, dz)
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13.3 Mild solution

The following is the fundamental result on the existence and uniqueness of a mild solution
to the stochastic heat equation.

Theorem 13.1 (Walsh [25]). There is a unique mild solution, which is an adapted random
field w such that for all p > 2,

sup sup El|u(t,z)|"] < oo, (99)

zeR 0<t<T

and u satisfies the integral equation:

u(t, z) _1+/ /pt s(z —y)o(u(s,y))W(ds,dy),

where py(v) = = exp(—a?/2t).

Moreover, we have

sup E([u(t, z) —u(s,y)[") < Cryplls =t + |z — y[P/?).
te[0,7)

13.4 Malliavin differentiability of the solution

We will first show that the random variable u(t,z) belongs to the space D'? and obtain
bounds for the p-moments of the derivative.

Proposition 13.1. For each (t,r) € R, xR, u(t,z) € D' for all p > 2 and the derivative
Dy u(t, x) satisfies

(1) Dsyu(t,z) =0 if s >t and for s < t:
Dsyu(t,z) = pes(z —y)o(uls,y))
/ /pt o(x — 2)5(r, 2) D yu(r, z)W (dr, dz)
where X(r, z), (r,z) € Ry x R, is an adapted and bounded process.
(i1) For allt € [0,T], and p > 2,
N Dsyut; 2)llp < Crpprs(z = y) (100)

for almost all (s,y) € [0,t] x R.

Remark: If the coefficient o is of class C!' with bounded derivative, then X(r, z) =

o' (u(r, z)).
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Proof. The proof will be done in several steps:

Step 1:  Consider the Picard approximations defined by ug(¢,z) = 1, and for each integer
n > 0 set

t
wnta) = 1+ [ [ il = g)o(un(s,0)W(ds, dy). (101)
0o Jr
We know that, for each p > 2,
lim E(|u,(t,z) — u(t,z)’) = 0.

n—oo

and also sup,, Supye(o 7] SUPger E(|un(t, ¥)[P) < oo.

By induction we will show that for each (¢, z) € [0, T] xR and for each p > 2, u,(t,z) €

D? and
[ Dsytun(t, 2)|lp < Crppe—s(z —y). (102)
for almost all (s,y) € [0,t] x R.

Suppose that the induction hypothesis holds for all integers less than or equal to n.
By the chain rule for Lipschitz functions (see Proposition 65), for each (t,z) € [0,T] x R,
o(un(t,z)) belongs to D'? and there exists a random variable ¥,, bounded by the Lipschitz
constant of o, such that

D(o(uy,(t,x))) = 3, Du,(t, ).
If o is continuously differentiable, then X, = o'(u, (¢, x)). Then, applying the properties
of the divergence operator (see (31), we deduce that fot Jo pres(@ —y)o(un (s, y))W (ds, dy)
is in D' and

Dy yttnsi(t,2) = Dy, (/ /pt (= 2)o(un(r, z))W(dr,dz))

= pi—s(x — y)o(u,(s,y)) / /Pt r 2) 0 Ds i (1, 2)W (dr, dz)
Now, let us estimate the L? norm of Dj ,u,41(t, x).

||Ds yun+1(t x)” < sup o (un(r, Z))prt_s(l‘ —9)

pt 7“ 2 Dsyun(r Z)W(dr, dZ)

p

The Burkholder-David-Gundy and Minkowski’s inequalities yield, with a constant c,,
p
(/ )
p/2
< dLip(o)'E pt (= 2)| D yun(r, 2)|*dzdr
p/2
< @Lip(o (/ /pt (@ = 2) | Dayin(r, 2)| dzdr) ,
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where Lip(o) denotes the Lipschitz constant of o. Therefore, the preceding displayed
computation yields that

|Deytinis (2| < Ky (1 — 1) / / P2 (2 — 2)|| Dayytin(r, =) |2dzdlr,

where
[

K, = 2sup sup llo(un(s,y)) , < 00.

n  (s,y)€l0,T]xR4

and
Ky = 2¢2Lip(0)?

By iterating this inequality, yields

D5 ytina (¢, )15

<K,rp;_( +ZK,TK§,U/

Akst

k+1

R

with the convention ro = t, 20 = x, Tp11 = S, 21 = y. Here dz; means dz; - - - dzy, drg
means drq - - - dry and Ag(s,t) denotes the simplex {s < 1, < --- <r; < t}. We have also
used the fact that ug(t,z) =1 so D, uo(t, ) = 0. Then, using the fact that

PE) = (=) a2,
and
[ 1=y = 2y = pusalo = 2.
we have for the integrals of the product of heat kernels above,
k+1

/A( t) /RkaTJ 17 (2j-1 = 2;)dzydry
k(s

k+1

_1
2\/_ / / H T’] 1 — 7"] 2 (rj,l—rj)/2(zj—1 — Zj)dedI‘k
Ag(s,t) Rk’

(=TT

=BV

pes(z —y).

This allows us to complete the proof of (102).

Step 2:  We know that w, (¢, x) converges in LP(Q2) to u(t,z). The estimate (102) implies
that
Sup B[ Dun(t, 2) ) < o0.
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By Proposition 6.4, this implies that u(t,z) belongs to D'?. Applying the operator D to
the equation satisfied by u(t, ) we deduce point (i).

Step 3:  Finally, it remains to show that the estimate (102) holds for u(¢, x). This follows
from the fact that Du,(t,x) (by choosing a subsequence) converges in the weak topology
of LP(Q); H) to Du(t, z). O
13.5 Space averages

Fix t > 0. We are interested in the asymptotic behavior as R — oo of the random variable

/ Z ult, z)dz

Because the process x — u(t, x) is stationary and the covariance decays fast, we expect a
central limit theorem to hold for these space averages.
The mean of this variable is given by

R
E </ u(t,x)dx) =2R.
-R
Define

FR:/ u(t,z)d — 2R = //(/ Prs(t — )dm) o(uls,y))W(ds, dy).

frls,y) = / T

Set

Notice that fr(s,y) <1 and

/fR S,y dy—// | Pi—s(x — y)pe—s (2’ — y)daxdz'dy
R,R)?

— / Po(t—s) (@ — ') dada’
[_RvR]Q
< 2R. (103)

Then, using the isometry property of the stochastic integral we can compute the variance

0% of Fg:
S AVRECE >dw)2E[a<u<s,y>>2]dyds

=/ E(S)Afé(s,y)dyds

t
= / 5(3)/ Pat—s)(x — 2")dadx'ds
[~ R,R)2

zQR/E
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as R — oo, with £(s) = E[o(u(s,y))?.
The main result is the following quantitative version of the central limit theorem.

Theorem 13.2 (Huang, Nualart and Viitasaari [7]). Let Z ~ N(0,1). Then there exists
a constant C, depending on t, such that

Fr C
d —. 7| < —
TV (O_R ) ) = \/E’
where Z ~ N(0,1).
Proof. The proof will be done in several steps.

Step (i) (see (1): By the Malliavin-Stein’s approach, if Fr € D%? satisfies Fr = d(vg),
where vg € Domd. Then,

We obtain the representation
FR = 5(UR),

by choosing
UR(S7 y) = U(U(S, y))fR<37 y)l[O,t} (S)a

taking into account that the stochastic integral of adapted and square integrable random
fields coincides with the divergence operator.

Step (ii) In order to estimate the variance of (DFg, vg)y) we use the following proposition.

Proposition 13.2. Suppose that

F=1 +/ Vs W (ds, dy),
R+XRd

where V is an adapted random field such that V € DY (H). Then
Var(DF, V) ) < 4E (| DVs & Vall}) + 2E (| DLV @1 Vi)
where ®1 means the contraction of one index (the bullet).

Proof: Using that D(6V) =V + §(DV), we get

Dr,zF = ‘/7’,2' + / Dr,z‘/:s,yW(dS7 dy)

R+ xRd

and
(DEV)g = VI + / (DV,., @1 V)W (ds, dy).

R+ xRd
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The isometry property of the stochastic integral yields

Var((DF,V)y) < 2Var (||V]|;) + 2Var (/R (DaVsy @1 Vo)W (ds, dy))

+><Rd
= 2Var (||[V[[%) + 2E (|| D.V @1 Va|F) -
To estimate the variance of ||V||% we use Poincaré’s inequality:

Var ([[VII7) <E (1D (1VI5) 7) = 4B (1DVa @ Vallz) -

This completes the proof.

Step (iii) Estimation of E (|| Dvg.e ®1 Vr.e||%): Assuming, to simplify, that ¢ is continuously
differentiable, we have

D, .vg(s,y) = o'(u(s,y)) Dy u(s, y) fr(s,y) Ljo<r<s<t}-

As a consequence,

0,¢]xR (/ (o'a)(u(s, y))Dm“(say)fzzz(Say)dey)erdz

2
<t(Lipo) /[Ot]XR/ (/ )Dmu(s,y)f}z%(s,y)dy) dsdrdz.

Taking the mathematical expectation, Minkowski’s inequality yields

||DUR,0 &1 UR,.HH - /

¢ 2
E(Dvge ®1 Vg3 < t(Lipa)Q/ / (/ o (u(s,y)) Dy u(s, y)|l2fz(s, y)dy) dsdrdz.
[0,t] xR R

Using Hoélder’s inequality, the fact that o has linear growth and the estimates (100) and
(99), we can write

E DUR. ®1 UR.HH

2
<C’/ / (/ps , —Z)f}%(s,y)dy) dsdrdz
[0,t] xR
2
=C / / ( / / psr(y—Z)pts(w—y)pm(w’—y)dwdw’dy) dsdrdz
04xR Jo \JRrJ[-R R

Using that f[f R.E] pi—s(2’ — y)dz’ < 1 and the semigroup property of the heat kernel, we
obtain

2
E(Dvg.e ®1 vgell3 < C (/ Pr—r( z)d:c) drdz < CR.
[0,] xR [~R,R]
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Step (iv) Estimation of E (|| Devr ®1 vg.e||%): Assuming, to simplify, that o is continuously
differentiable, we have

D, .vg(s,y) = o'(u(s,y)) Dy u(s, y) fr(s,y) Ljo<r<s<t}-

As a consequence,

|Davr @1 ol = /[ . ( / o' (u(s, 9))o <r,z))Dr,zu<s,y>fR<r,z>fR<s,y>drdz)2dsdy

<t(Lipo) /O . / ( / ) Dyt 2) flr ) fR(s,y)dz)erdy.

Taking the mathematical expectation, Minkowski’s inequality yields

t 2
E(Dovr®1vpg.||3 < t(LipU)z/ / (/ lo(u(r, 2))Ds yu(r, 2)||2fr(s, y) fr(T, z)dz) drdy.
[0,t]xR JO R

Using Holder’s inequality, the fact that o has linear growth and the estimates (100) and
(99), we can write

E D oUR ®1 UR.HH

/[Ot]xR/ (/ps r _Z)fR(S»y)fR(TaZ)dZ>2drdy
_C/Oth/ (//RR]2ps (Y = 2)pe—s(@ = y)pr—r (2’ —z)d:cd:ndz) drdy

Using that f r.R) Pt (' — z)dz’ < 1 and the semigroup property of the heat kernel, we
obtain

E(Dvge ®1 vgell3 < C / (/ [ ra:—z)dx) drdz < CR.
[0,t] xR [-R,R]

This completes the proof. O

13.6 Functional Central Limit Theorem
The following result is a functional version of the central limit theorem for space averages.

Theorem 13.3 (Huang, Nualart and Viitasaari [7]). Set &(s) = E[o(u(s,y))?] for any
s>0. Then

(G (Lreor=on) = (] vemms)

as R tends to infinity, where B is a Brownian motion and the convergence is in law on the
space of continuous functions C([0,T7]).

117



Proof. The proof will be done in two steps.

(i) Proof of tightness: — Tightness is a consequence of the estimate:

EQ/iu@xﬂx—/iu@@Mx

forany 0 < s <t <7T and any p > 1.

[SJiS)

p) < C(T)R:(t — s)%.

(ii) Convergence of the finite-dimensional distributions: ~ We use the following result:

Proposition 13.3. Let F = (FW ..., F™) be a random vector such that F® = §(v®)
for v € Domé, i = 1,...,m. Assume F) € D2 fori =1,...,m. Let Z be an m-
dimensional Gaussian centered vector with covariance matriz (C; )1<ij<m. For any C?
function h : R™ — R with bounded second partial derivatives, we have

[E(h(FR)) = E(h(Z))] < %Hh"lloo Y E[(Cij — (DFO,u0)5)7),

ij—1
where 92,
oo = max su x)|.
1771l 1§i,j§mzeREn axiaxj( )

Fix points 0 < t; < --- < t,, <T and consider the random variables

, 1 R
F(Z):—</ uti,xdx—QR),
R \/E R ( )

for i =1,...,m. We can write Fg) = 5(1}%)), where
0 1 (R
v (8,9) = Ligs(s)—= _o(x —y)o(u(s,y))dz.
7 (5,9) [O,tz]( ) R /_Rptz ( y)o(u(s,y))

Set Fr = (F g), N }(%m)) and let Z be an m-dimensional Gaussian centered vector with
covariance

o tint;
QﬁzEw%ﬂ:2/ £(r)dr,
0

where we recall that £(r) = E[o(2(r, x))?].
Then, applying the previous proposition,

[E(h(Fr)) = E((2)] < FIIA" 0, | > E [(Cz-,j —(DFy, v§%>>ﬁ)2] .
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It suffices to show that for each ¢, j, (DF](;), Ug)>f) converges in L?(2), as R tends to infinity
to C; ;. This follows from the expression

; ) 1 ti/\tj
<DF](~2)7 Ug)% = E / / fR(tia S, y)fR(tja S, y)O'Q(U(S, y))dde
0 R
1 [2YA\2]
+ E/ /fR(tja s,y)o(u(s,y))
0 R
t;
X (/ /fr(tz-,r, 2)%(r, 2) Dy yu(r, )W (dr, dz)) dyds,
s R
with the notation fr(t,s,y) = f_RRpt_S(x, y)d. O

13.7 Spatial colored noise

Consider the stochastic heat equation

ou 1 .
E = éAU + O'(U)W,

on R, x R? with initial condition u(0,2) = 1. The function ¢ is Lipschitz continuous and
we assume that o(1) # 0.
The noise W (t, ) is a centered Gaussian random field with covariance

E[W(t,2)W(s,y)] = &t — s)v(z — ),

where v : R — R, U {oo} is nonnegative definite and the Fourier transform of ~ is a
tempered measure pu, that satisfies Dalang’s condition:

p(ds)
/Rd L4l =

We define formally the noise as a Gaussian centered family of random variables

W = {(g), € G([0,00) x RN},
with covariance

EW W) = [ [ olsalpls e - dodyds

N /OOO R F¢(S’ é)FSO(S’ S)H(df)ds,

where F¢ refers to the Fourier transform in the space variable. Let £, be the closure of
Cs°(R?) under the inner product

() = [ e@yilune = y)dady = [ Fol FO@M)
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Then, the Gaussian family W can be extended to the Hilbert space ) := L*(R,, ), in
such a way that {W(g),g € L*(R,; o)} is an isonormal Gaussian process.

From Dalang [6] there is a unique mild solution, which is an adapted random field u
such that for all p > 2,

sup sup Ef|u(t, z)["] < oo,
z€R 0<t<T

and u satisfies the integral equation:

u(t,x) =1 —|—/0 /]Rd pi—s(x —y)o(u(s,y))W(ds, dy),

where p,(z) = (2mt)~%2e~1e"/2t The stochastic integral is an extension of the Ito integral
to adapted random fields g such that E[[|g]|3] < oo.

The process © — u(t,x) is stationary and it is also ergodic provided u({0}) = 0. Fix
t > 0. We are interested in the asymptotic behavior as R — oo of the the spacial averages

/ u(t, z)dz,
Br
where Bg = {z € R?: || < R}.

We put, using the mild formulation

Fo= [t == [ s (f e ) ) s )W (ds. ).

Notice that Fp is a stochastic integral.
Consider the following assumptions on the covariance function ~:

(H1) Integrable covariance: [, v(z)dz < co.
(H2) Riesz covariance: vy(x) = |z|=%, B < min(2, d).

The following quantitative central limit theorem has been proved in the references [8, 5].

Theorem 13.4. Assume (H1) or (H2). For each t > 0 there exist a constant Cy, de-
pending on t, such that

. R47 under (H1)
drv (U—R, Z) < Ct{ R=°/2 under (H2)

where 0% = Var( fBR [u(t,z) — 1]dz) and Z has the N(0,1) law.

Moreover, as R — +o00, under (H1)

OF ~ Rd/ Cov(u(t,z),u(t,0))dx
R4
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and, under (H2)

t
o~ (kﬂ / (s) ds) R,

where 7(s) = E[o(u(s,y))] and kg := [ |21 — 22| Pdzidx,.
In [8], the authors have also obtained a functional version of the above central limit
theorem under (H2). That means, as R — +00, we have

(Rgd /BR [u(t, z) — 1] dx) t€[0.7] - <\/k_ﬁ/otn(s)st>te[o,T} ’

where B is a Brownian motion and the convergence takes place on the space of continuous
functions C([0,T]). If o(x) = x, then the first chaos dominates (non-chaotic behavior).
This is not true for space-time white noise and o(x) = x.
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