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1 Stochastic Processes

1.1 Probability Spaces and Random Variables

In this section we recall the basic vocabulary and results of probability theory. A probability space
associated with a random experiment is a triple (2, F, P) where:

(i) Q is the set of all possible outcomes of the random experiment, and it is called the sample
space.
(ii) F is a family of subsets of 2 which has the structure of a o-field:
a)le F
b) If A € F, then its complement A€ also belongs to F
c) A, Ag,...e F = UX A € F
(iii) P is a function which associates a number P(A) to each set A € F with the following
properties:
a) 0< P(A) <1,
b) P(2) =1
c) For any sequence Aj, Ay, ... of disjoints sets in F (that is, A; N A; =0 if i # j),

P (U2 4i) = 3052, P(A)

The elements of the o-field F are called events and the mapping P is called a probability
measure. In this way we have the following interpretation of this model:

’P(F):“probability that the event F' occurs”

The set ) is called the empty event and it has probability zero. Indeed, the additivity property
(ili,c) implies

P®)+ P®)+---= P(0).
The set Q is also called the certain set and by property (iii,b) it has probability one. Usually,
there will be other events A C 2 such that P(A) = 1. If a statement holds for all w in a set A
with P(A) = 1, then it is customary to say that the statement is true almost surely, or that the
statement holds for almost all w € .

The axioms a), b) and c¢) lead to the following basic rules of the probability calculus:
P(AUB) = P(A)+P(B)ifAnNB=10
P(A%) = 1-P(A)
A C B= P(A) < P(B).

Example 1 Consider the experiment of flipping a coin once.

Q = {H,T} (the possible outcomes are “Heads” and “Tails”)
F = P(9Q) (F contains all subsets of 2)

P({H}) = PUTH =



Example 2 Consider an experiment that consists of counting the number of traffic accidents at a
given intersection during a specified time interval.

Q = {0,1,2,3,...}

F = P(Q) (F contains all subsets of )
k

A
P{k}) = e_/\ﬁ (Poisson probability with parameter A > 0)

Given an arbitrary family U of subsets of {2, the smallest o-field containing i is, by definition,
oU)=n{G,G is a o-field, U C G}.
The o-field o(U) is called the o-field generated by U. For instance, the o-field generated by the

open subsets (or rectangles) of R™ is called the Borel o-field of R™ and it will be denoted by Bgn.

Example 3 Consider a finite partition P = {Aj,..., Ay} of Q. The o-field generated by P is
formed by the unions A;, U---U A;, where {i1,...,ix} is an arbitrary subset of {1,...,n}. Thus,
the o-field o(P) has 2" elements.

Example 4 We pick a real number at random in the interval [0,2]. Q = [0,2], F is the Borel
o-field of [0,2]. The probability of an interval [a,b] C [0,2] is
b—a

5

P([a,b]) =

Example 5 Let an experiment consist of measuring the lifetime of an electric bulb. The sample
space 2 is the set [0,00) of nonnegative real numbers. F is the Borel o-field of [0,00). The
probability that the lifetime is larger than a fixed value t > 0 is

P([t,00)) = e,

A random wvariable is a mapping
0-5R
w— X(w)
which is F-measurable, that is, X ~!(B) € F, for any Borel set B in R. The random variable X
assigns a value X (w) to each outcome w in Q. The measurability condition means that given two

real numbers a < b, the set of all outcomes w for which a < X(w) < b is an event. We will denote
this event by {a < X < b} for short, instead of {w € Q:a < X (w) < b}.

e A random variable defines a o-field {X~(B), B € Br} C F called the o-field generated by
X.

e A random variable defines a probability measure on the Borel o-field Bg by Px = Po X!,
that is,
Px(B)=P(X *(B)) = P({w: X(w) € B}).

The probability measure Py is called the law or the distribution of X.



We will say that a random variable X has a probability density fx if fx(z) is a nonnegative
function on R, measurable with respect to the Borel o-field and such that

b
P{a<X<b}:/ fx(x)de,

for all a < b. Notice that fj;o fx(z)dr = 1. Random variables admitting a probability density
are called absolutely continuous.

We say that a random variable X is discrete if it takes a finite or countable number of different
values zj. Discrete random variables do not have densities and their law is characterized by the
probability function:

pr = P(X = my).

Example 6 In the experiment of flipping a coin once, the random variable given by
X(H)=1,X(T)=-1

represents the earning of a player who receives or loses an euro according as the outcome is heads
or tails. This random variable is discrete with

Example 7 If A is an event in a probability space, the random variable

1 if weAd
1A(“)_{0 if we A

is called the indicator function of A. Its probability law is called the Bernoulli distribution with
parameter p = P(A).

Example 8 We say that a random variable X has the normal law N(m,o?) if

Pla< X <b)=

1 b _(w—rg)2d
for all a < b.

Example 9 We say that a random variable X has the binomial law B(n,p) if

P(X =k = (Z)pk(l —-p)"

for k=0,1,...,n.
The function Fx : R —[0,1] defined by

|Fx() = P(X <) = Px ((—o0,2])]

is called the distribution function of the random variable X.



e The distribution function Fx is non-decreasing, right continuous and with

lim Fy(z) = 0,

T——00

lim Fx(z) = 1.

Tr——+00

e If the random variable X is absolutely continuous with density fx, then,
Fy@) = [ e

and if, in addition, the density is continuous, then F% (z) = fx(z).

The mathematical expectation (or expected value) of a random variable X is defined as the
integral of X with respect to the probability measure P:

E(X) = /QXdP.

In particular, if X is a discrete variable that takes the values «q, o, ... on the sets Aq, Ao, ...,
then its expectation will be

E(X)=a1P(A) +a1P(A))+---.

Notice that E(14) = P(A), so the notion of expectation is an extension of the notion of probability.
If X is a non-negative random variable it is possible to find discrete random variables X,
n=1,2,... such that
Xi(w) < Xp(w) < -+

and
lim X,(w) =X (w)

for all w. Then F(X) = lim,, o E(X,,) < 400, and this limit exists because the sequence F(X,,)
is non-decreasing. If X is an arbitrary random variable, its expectation is defined by

E(X)=E(X") - BEX7),

where X+ = max(X,0), X~ = —min(X, 0), provided that both E(X*) and E(X ™) are finite. Note
that this is equivalent to say that E(]X|) < oo, and in this case we will say that X is integrable.

A simple computational formula for the expectation of a non-negative random variable is as
follows:

E(X) = /0 T P(X > bt

B(X) = /QXdP: /Q</0001{X>t}dt> dP

+0o0
= / P(X > t)dt.
0

In fact,

!



The expectation of a random variable X can be computed by integrating the function = with
respect to the probability law of X:

:/QX(w)dP(w):/ZdeX(QT)-

More generally, if ¢ : R — R is a Borel measurable function and E(|g(X)|) < oo, then the
expectation of g(X) can be computed by integrating the function g with respect to the probability
law of X:

E(g(X)) = /Q 9(X ())dP(w) = / " g(@)dPx ().

—0o0

The integral f x)dPx () can be expressed in terms of the probability density or the probability
function of X:

= foo g(x)fx(x)dx,  fx(z)is the density of X
/ g(w)dPx () = { > or9(x)P (X X = xg), : X is discrete

—00

Example 10 If X is a random variable with normal law N(0,0?) and ) is a real number,

E(exp (AX)) = W eMe 202dac

1 UAQ 0 (@—a?))?
= QT (& 202 d$
V2mo? —0
02A2
= e 2

Example 11 If X is a random variable with Poisson distribution of parameter A > 0, then
& f)\)\n )\)\n 1
_)\ _
e Z i
The wvariance of a random variable X is defined by
0% = Var(X) = E((X - E(X))?) = E(X?) - [E(X)],

provided E(X?) < co. The variance of X measures the deviation of X from its expected value.
For instance, if X is a random variable with normal law N (m,o?) we have

X _
P(m—1.960 < X <m+1.960) = P(~1.96 < = < 1.96)

= ®(1.96) — ®(—1.96) = 0.95,
where ® is the distribution function of the law N(0,1). That is, the probability that the random

variable X takes values in the interval [m — 1.960, m + 1.960] is equal to 0.95.

If X and Y are two random variables with E(X?) < co and E(Y?) < oo, then its covariance is
defined by

cov(X,Y) = E[(X — E(X))(Y — E(Y))]
= E(XY)- EX)E(Y).



A random variable X is said to have a finite moment of order p > 1, provided E(|X|P) < occ.
In this case, the pth moment of X is defined by

my = E(XP).

The set of random variables with finite pth moment is denoted by LP(Q2, F, P).
The characteristic function of a random variable X is defined by

px(t) = E(e"Y).

The moments of a random variable can be computed from the derivatives of the characteristic
function at the origin:

1
Mo = o (Do,
forn=1,2,3,....
We say that X = (X1,...,X,) is an n-dimensional random vector if its components are random

variables. This is equivalent to say that X is a random variable with values in R".
The mathematical expectation of an n-dimensional random vector X is, by definition, the vector

[B(X) = (B(X1), .., B(X.))]

The covariance matriz of an n-dimensional random vector X is, by definition, the matrix
I'x = (cov(X;, X;)) This matrix is clearly symmetric. Moreover, it is non-negative definite,
that means,

1<i j<n’

n
> Ix(i,j)aia; >0
i,j=1

for all real numbers aq, ..., a,. Indeed,

n

n n
Z I'x(i,7)aa; = Z a;ajcov(X;, Xj) = Var(z a; X;) >0
,j=1 i,j=1 i—1

As in the case of real-valued random variables we introduce the law or distribution of an n-
dimensional random vector X as the probability measure defined on the Borel o-field of R™ by

Px(B) = P(X"}(B)) = P(X € B).
We will say that a random vector X has a probability density fx if fx(z) is a nonnegative
function on R", measurable with respect to the Borel o-field and such that
b1

bn
P{ai<Xi<bi,i:1,...,n}:/ fx(z1,...,zp)dxy - - - day,
Qan a

1

for all a; < b;. Notice that

“+00 “+00
/ fx(x1,...,zp)dxy -+ - dxy, = 1.

—00 —0o0



We say that an n-dimensional random vector X has a multidimensional normal law N(m,T),
where m € R”, and I is a symmetric positive definite matrix, if X has the density function
Fx(@n, ... x) = (21 det T) ™5 e~ 2 Zig= (mimmi)(a;—my)lyt

In that case, we have, m = F(X) and I' =T'yx.
If the matrix I' is diagonal

F:

2
0 DRI O’n

then the density of X is the product of n one-dimensional normal densities:

n 1 7(”‘"’1‘)2

2
fx(xi,...,zn) = H e i
i=1 2mo?

There exists degenerate normal distributions which have a singular covariance matrix I'. These
distributions do not have densities and the law of a random variable X with a (possibly degenerated)
normal law N (m,T") is determined by its characteristic function:

o 1
E (e’t X) = exp <it’m - QtTt) ,

where t € R™ . In this formula ¢’ denotes a row vector (1 x n matrix) and ¢ denoted a column
vector (n x 1 matrix).

If X is an n-dimensional normal vector with law N(m,I") and A is a matrix of order m X n,
then AX is an m-dimensional normal vector with law N(Am, AT 4’).

We recall some basic inequalities of probability theory:
e Chebyshev's inequality: If A > 0

P(X]>A) < S E(X).

1
P
e Schwartz's inequality:

E(XY) < /E(X2)E(Y?).

e Holder's inequality: L L
E(XY) < [E(|IX[P)]» [E(]Y])]4

Wherep,q>1and%+%zl.

e Jensen's inequality: If ¢ : R — R is a convex function such that the random variables X and
©(X) have finite expectation, then,

P(E(X)) < E(p(X)).
In particular, for ¢(x) = |z|P, with p > 1, we obtain

[E(X)" < E(IX]7).



We recall the different types of convergence for a sequence of random variables X,,, n =
1,2,3,.. .

Almost sure convergence: X, —5 X, if

lim X, (w) = X(w),

n—oo

for all w ¢ N, where P(N) = 0.
Convergence in probability: X, P x , if

lim P(|X, — X|>¢) =0,

n—0o0

for all e > 0.

. LP .
Convergence in mean of order p > 1: X,, — X, if

lim E(|X, — X[P) = 0.

n—oo

. L .
Convergence in law: X, — X, if

lim Fy,(z) = Fx(z),

n—oo
for any point z where the distribution function Fx is continuous.

e The convergence in mean of order p implies the convergence in probability. Indeed, applying
Chebyshev’s inequality yields

1
E(|X, — X[P).

P(X,~X|>e) <

e The almost sure convergence implies the convergence in probability. Conversely, the conver-
gence in probability implies the existence of a subsequence which converges almost surely.

e The almost sure convergence implies the convergence in mean of order p > 1, if the ran-
dom variables X, are bounded in absolute value by a fixed nonnegative random variable Y
possessing pth finite moment (dominated convergence theorem):

1X,| <Y, E(Y?) < .

e The convergence in probability implies the convergence law, the reciprocal being also true
when the limit is constant.

The independence is a basic notion in probability theory. Two events A, B € F are said
independent provided

|P(AN B) = P(A)P(B).|




Given an arbitrary collection of events {4;,i € I'}, we say that the events of the collection are
independent provided
P(Aiy 02N Ay ) = P(Aiy) --- P(Aiy)

for every finite subset of indexes {i1,...,ix} C I.

A collection of classes of events {G;, i € I} is independent if any collection of events {A;,i € I}
such that A; € G; for all i € I, is independent.

A collection of random variables { X;, i € I'} is independent if the collection of o-fields {X Z-_l (Bgn),i €1 }
is independent. This means that

P(Xll (S Bi17--~7Xik < sz) = P(le S Bu) P(sz < sz),

for every finite set of indexes {i1,...,i;} C I, and for all Borel sets B; .
Suppose that X, Y are two independent random variables with finite expectation. Then the
product XY has also finite expectation and

|BE(XY) = B(X)E(Y)]|

More generally, if X1,...,X,, are independent random variables,

Elg1(X1) - gn(Xn)] = Elg1(X1)] - Egn(X5)]

where g¢; are measurable functions such that E [|g;(X;)|] < oo.

The components of a random vector are independent if and only if the density or the probability
function of the random vector is equal to the product of the marginal densities, or probability
functions.

The conditional probability of an event A given another event B such that P(B) > 0 is defined
by

P(AB) = P57

We see that A and B are independent if and only if P(A|B) = P(A). The conditional probability
P(A|B) represents the probability of the event A modified by the additional information that the
event B has occurred occurred. The mapping

A+ P(A|B)

defines a new probability on the o-field F concentrated on the set B. The mathematical expectation
of an integrable random variable X with respect to this new probability will be the conditional
expectation of X given B and it can be computed as follows:

E(X|B) = BE(X1p).

P(B)
The following are two two main limit theorems in probability theory.

Theorem 1 (Law of Large Numbers) Let {X,,,n > 1} be a sequence of independent, identi-
cally distributed random variables, such that E(|X1|) < co. Then,

X1+...+Xn af)'m
n

where m = E(Xy).

10



Theorem 2 (Central Limit Theorem) Let {X,,n > 1} be a sequence of independent, identi-
cally distributed random variables, such that E(X?) < co. Set m = E(X1) and o2 = Var(Xy).
Then,

Xy X —
LR A T L g ),
ov/n

1.2 Stochastic Processes: Definitions and Examples

A stochastic process with state space S is a collection of random variables {X;,t € T'} defined on
the same probability space (2, F, P). The set T is called its parameter set. If T =N = {0,1,2,...},
the process is said to be a discrete parameter process. If T is not countable, the process is said
to have a continuous parameter. In the latter case the usual examples are T'= R = [0,00) and
T = [a,b] C R. The index t represents time, and then one thinks of X; as the “state” or the
“position” of the process at time t. The state space is R in most usual examples, and then the
process is said real-valued. There will be also examples where S is N, the set of all integers, or a
finite set.
For every fixed w € €2, the mapping

t—> Xt(w)

defined on the parameter set T, is called a realization, trajectory, sample path or sample function
of the process.

Let {X;,t € T} be a real-valued stochastic process and {t; < --- < t,} C T , then the
probability distribution Py, 4, = Po (Xy,..., X, ) ! of the random vector

(th,...,th> : Q) — R™

is called a finite-dimensional marginal distribution of the process {X;,t € T'}.

The following theorem, due to Kolmogorov, establishes the existence of a stochastic process
associated with a given family of finite-dimensional distributions satisfying the consistence condi-
tion:

Theorem 3 Consider a family of probability measures
{P,tn, 1 <---<tp,mn>1t; €T}
such that:
1. Py, . 4, 15 a probability on R"

n

2. (Consistence condition): If {t, < -+ < tg,.} C {t1 < -+ < tp}, then Py oty 08 the
marginal of Py, .. ., corresponding to the indexes k1, ..., k.

Then, there exists a real-valued stochastic process {Xy,t > 0} defined in some probability space
(Q, F, P) which has the family {P;, . .} as finite-dimensional marginal distributions.

11



A real-valued process {X;,t > 0} is called a second order process provided E(X?) < oo for all
t € T. The mean and the covariance function of a second order process {X;,t > 0} are defined by
mx(t) = E(Xy)
Ix(s,t) = Cov(Xs,Xi)
= E((Xs —mx(s))(X; —mx(1)).
The variance of the process {X;,t > 0} is defined by

0% (t) =Tx(t,t) = Var(X;).

Example 12 Let X and Y be independent random variables. Consider the stochastic process with
parameter t € [0, 00)
X =tX+Y.

The sample paths of this process are lines with random coefficients. The finite-dimensional marginal
distributions are given by

P(Xy, <21y..., Xy, < an) = / Fy < min ¢ _y> Py (dy).
R

1<i<n  t;

Example 13 Consider the stochastic process
X = Acos(p + At),

where A and ¢ are independent random variables such that E(A) = 0, E(A?) < oo and ¢ is
uniformly distributed on [0, 27]. This is a second order process with

mx(t) =

Ix(s,t) =

| = O

E(A?)cos A(t — s).

Example 14 Arrival process: Consider the process of arrivals of customers at a store, and suppose
the experiment is set up to measure the interarrival times. Suppose that the interarrival times are
positive random variables X1, Xo,.... Then, for each ¢t € [0,00), we put N; = k if and only if the
integer k is such that

X1+ + X §t<X1+"'—|—Xk+1,

and we put Ny = 0 if t < X;. Then N; is the number of arrivals in the time interval [0,¢]. Notice
that for each ¢ > 0, IV} is a random variable taking values in the set S = N. Thus, {N,t > 0} is
a continuous time process with values in the state space N. The sample paths of this process are
non-decreasing, right continuous and they increase by jumps of size 1 at the points X7 + - - - + Xj.
On the other hand, Ny < oo for all ¢t > 0 if and only if

iXk = Q.
k=1



Example 15 Consider a discrete time stochastic process {X,,,n = 0,1,2,...} with a finite number
of states S = {1, 2,3}. The dynamics of the process is as follows. You move from state 1 to state 2
with probability 1. From state 3 you move either to 1 or to 2 with equal probability 1/2, and from
2 you jump to 3 with probability 1/3, otherwise stay at 2. This is an example of a Markov chain.

A real-valued stochastic process {X;,t € T} is said to be Gaussian or normal if its finite-
dimensional marginal distributions are multi-dimensional Gaussian laws. The mean my (t) and
the covariance function I'x(s,t) of a Gaussian process determine its finite-dimensional marginal
distributions. Conversely, suppose that we are given an arbitrary function m : T — R, and a
symmetric function I' : T' x T" — R, which is nonnegative definite, that is

n

Z F(ti,tj)aiaj > 0

ij=1
forallt; € T, a; € R, and n > 1. Then there exists a Gaussian process with mean m and covariance

function I.
Example 16 Let X and Y be random variables with joint Gaussian distribution. Then the process
X, =tX+Y,t>0,is Gaussian with mean and covariance functions
mx(t) = tE(X)+ E(Y),
I'x(s,t) = stVar(X)+ (s+t)Cov(X,Y) + Var(Y).

Example 17 Gaussian white noise: Consider a stochastic process { Xy, ¢ € T'} such that the random
variables X; are independent and with the same law N(0,0?). Then, this process is Gaussian with
mean and covariance functions

mx(t) = 0

1 if s=t
Px(s1) = {o if st

Definition 4 A stochastic process {X;,t € T'} is equivalent to another stochastic process {Yy,t €
T} if for eacht € T
P{X; =Y} =1

We also say that {X;,t € T} is a version of {Y;,t € T'}. Two equivalent processes may have
quite different sample paths.

Example 18 Let £ be a nonnegative random variable with continuous distribution function. Set
T =[0,00). The processes

Xy = 0

[0 i E#£t
Yt_{lif&zt

are equivalent but their sample paths are different.

Definition 5 Two stochastic processes {X¢,t € T} and {Yy,t € T'} are said to be indistinguishable
if X(w) =Y.(w) for allw ¢ N, with P(N) = 0.

13



Two stochastic process which have right continuous sample paths and are equivalent, then they
are indistinguishable. Two discrete time stochastic processes which are equivalent, they are also
indistinguishable.

Definition 6 A real-valued stochastic process {X;,t € T}, where T is an interval of R, is said to
be continuous in probability if, for any € > 0 and everyt € T

E&lﬁP(]Xt — Xs| >¢)=0.

Definition 7 Fizp > 1. Let {X;,t € T'}be a real-valued stochastic process, where T' is an interval
of R, such that E (|X;|P) < oo, for allt € T. The process {X;,t > 0} is said to be continuous in
mean of order p if

lim E (| X; — X4P) = 0.

s—t

Continuity in mean of order p implies continuity in probability. However, the continuity in
probability (or in mean of order p) does not necessarily implies that the sample paths of the
process are continuous.

In order to show that a given stochastic process has continuous sample paths it is enough to
have suitable estimations on the moments of the increments of the process. The following continuity
criterion by Kolmogorov provides a sufficient condition of this type:

Proposition 8 (Kolmogorov continuity criterion) Let {X;,t € T} be a real-valued stochastic
process and T is a finite interval. Suppose that there exist constants a > 1 and p > 0 such that

E (X — X.J") < erlt — 5| (1)

for all s,t € T. Then, there exists a version of the process {Xy,t € T} with continuous sample
paths.

Condition (1) also provides some information about the modulus of continuity of the sample
paths of the process. That means, for a fixed w € Q, which is the order of magnitude of X;(w) —
Xs(w), in comparison |t — s|. More precisely, for each € > 0 there exists a random variable G such
that, with probability one,

| Xe(w) — Xs(w)| < Ge()|t — 577, 2)

for all s,t € T. Moreover, E(G?) < cc.

1.3 The Poisson Process

A random variable T': Q — (0,00) has ezponential distribution of parameter \ > 0 if
P(T >t)=e ™M
for all ¢t > 0. Then T has a density function
fr(t) = Xe Mg 00)(t).

The mean of T is given by E(T) = 1, and its variance is Var(T') = % The exponential distribution
plays a fundamental role in continuous-time Markov processes because of the following result.

14



Proposition 9 (Memoryless property) A random variable T : Q — (0,00) has an exponential
distribution if and only if it has the following memoryless property

P(T >s+tlT>s)=P(T >t)
for all s,t > 0.

Proof. Suppose first that T has exponential distribution of parameter A > 0. Then

P(T > s+t)
P(T t|T =——"
(T > s+t|T>s) PT >3
—A(s+t)
€ _
= —=¢ M= P(T > t).

The converse implication follows from the fact that the function g(t) = P(T > t) satisfies

g9(s +1) = g(s)g(t),
for all s, >0 and g(0) =1. m

A stochastic process { Ny, t > 0} defined on a probability space (2, F, P) is said to be a Poisson
process of rate A if it verifies the following properties:

i) Np =0,

ii) for any n > 1 and for any 0 < t; < --- < t,, the increments Ny, — Ny, ,,..., Ny, — Ny, are
independent random variables,

iii) for any 0 < s < t, the increment N; — N, has a Poisson distribution with parameter \(t — s),
that is,
At — )]
P(Nt - Ns = k:) = e_A(t_S)[ ( ] 8)] )
k=0,1,2,..., where A > 0 is a fixed constant.

Notice that conditions i) to iii) characterize the finite-dimensional marginal distributions of the
process {N;,t > 0}. Condition ii) means that the Poisson process has independent and stationary
increments.

A concrete construction of a Poisson process can be done as follows. Consider a sequence
{Xn,n > 1} of independent random variables with exponential law of parameter . Set Ty = 0 and
forn>1,T, = X1+ -+ X,. Notice that lim,,_,~, 7, = oo almost surely, because by the strong

law of large numbers

oy Tn 1
noo A

Let {N¢,t > 0} be the arrival process associated with the interarrival times X,. That is

Ny = Z nl{Tn§t<Tn+1}‘ (3)

n=1

15



Proposition 10 The stochastic process {N,t > 0} defined in (3) is a Poisson process with pa-
rameter A > 0.

Proof. Clearly Ny = 0. We first show that NV; has a Poisson distribution with parameter At.
We have

-/ fr ()Aedady
{z<t<z+y}
t

= /an(x)e_)‘(t_x)dx.
0

The random variable T}, has a gamma distribution I'(n, ) with density

A" n—1_-—Az
fr,(z) = WQ? L™ g 00) (2).
Hence,
P(Ny=n) = 67”@.
n.

Now we will show that Nys — N; is independent of the random variables {N,,r < s} and it has a
Poisson distribution of parameter At. Consider the event

{Ns =k} ={T} <5 <Tpy1},
where 0 < s < ¢t and 0 < k. On this event the interarrival times of the process { Ny — N, t > s} are
X1 = Xpp1— (s = Th) = Thyp1 — 5

and

Xn = XkJrn

for n > 2. Then, conditional on { Ny = k} and on the values of the random variables X7, ..., Xj, due
to the memoryless property of the exponential law and independence of the X,,, the interarrival
times {an > 1; are independent and with exponential distribution of parameter A. Hence,
{Ni+s — Ns,t > 0} has the same distribution as { Ny, ¢ > 0}, and it is independent of {N,,r < s}.
|

Notice that F(N;) = At. Thus X is the expected number of arrivals in an interval of unit length,
or in other words, A is the arrival rate. On the other hand, the expect time until a new arrival is
1. Finally, Var(Ny) = At.

We have seen that the sample paths of the Poisson process are discontinuous with jumps of size
1. However, the Poisson process is continuous in mean of order 2:

E [(Nt - Ns)ﬂ = A(t—s)+ [\t — )2 2o

Notice that we cannot apply here the Kolmogorov continuity criterion.
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The Poisson process with rate A > 0 can also be characterized as an integer-valued process,
starting from 0, with non-decreasing paths, with independent increments, and such that, as A | 0,
uniformly in ¢,

P(Xpon —X; = 0)=1- M+ o(h),
P(Xpin—X; = 1) =Ah+o(h).

Example 19 An item has a random lifetime whose distribution is exponential with parameter
A = 0.0002 (time is measured in hours). The expected lifetime of an item is % = 5000 hours, and
the variance is % = 25 x 10% hours?. When it fails, it is immediately replaced by an identical item:;
etc. If Ny is the number of failures in [0, ¢], we may conclude that the process of failures { Ny, ¢ > 0}
is a Poisson process with rate A > 0.

Suppose that the cost of a replacement is 5 euros, and suppose that the discount rate of money

is a > 0. So, the present value of all future replacement costs is

C= Zﬂe_aT”.
n=1

Its expected value will be

E(C)=> BE(e ™) = %A

For 8 =800, a = 0.24/(365 x 24) we obtain E(C') = 5840 euros.

The following result is an interesting relation between the Poisson processes and uniform dis-
tributions. This result say that the jumps of a Poisson process are as randomly distributed as
possible.

Proposition 11 Let {N;,t > 0} be a Poisson process. Then, conditional on {N¢,t > 0} having
exactly n jumps in the interval (s,s + t], the times at which jumps occur are uniformly and inde-
pendently distributed on (s, s + t].

Proof. We will show this result only for n = 1. By stationarity of increments, it suffices to
consider the case s = 0. Then, for 0 < u <t

P, < ulN, =1) = DU S uh 0N = 1))

P(N;=1)
P({Nu = 1} N {Nt — Ny = 0})
- P(N, = 1)
Aue e AME—w) oy,
- et A
[
Exercises

1.1 Consider a random variable X taking the values —2,0, 2 with probabilities 0.4, 0.3, 0.3 respec-
tively. Compute the expected values of X, 3X2 + 5, e~ X.
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1.2 The headway X between two vehicles at a fixed instant is a random variable with
P(X <t)=1—0.6e %02 —(.4¢7003
t > 0. Find the expected value and the variance of the headway.
1.3 Let Z be a random variable with law N(0,0?). From the expression
E(eM) = 2V,

deduce the following formulas for the moments of Z:

(2k)!
E(Z2k) — 2kk!0_2k’
E(Z* Y = .

1.4 Let Z be a random variable with Poisson distribution with parameter A. Show that the
characteristic function of Z is

pz(t) = exp [A (" —1)].
As an application compute E(Z2), Var(Z) y E(Z3).

1.5 Let {Y,,,n > 1} be independent and identically distributed non-negative random variables.
Put Zy=0,and Z, =Y +---+Y, for n > 1. We think of Z,, as the time of the nth arrival
into a store. The stochastic process {Z,,n > 0} is called a renewal process. Let N; be the
number of arrivals during (0, t].

a) Show that P(Ny > n) = P(Z, <t), foralln>1and ¢t > 0.
b) Show that for almost all w, lim;_,o Ni(w) = 0.

c) Show that almost surely lim;_, ZTJ\? = a, where a = E(Y7).

d) Using the inequalities Zy, <t < Zy,4+1 show that almost surely

1.6 Let X and U be independent random variables, U is uniform in [0, 2x], and the probability
density of X is for z > 0 X
fx(xz) = 236~ 1/27",

Show that the process
X, = X2%cos(2rt +U)

is Gaussian and compute its mean and covariance functions.

18



2 DMartingales

We will first introduce the notion of conditional expectation of a random variable X with respect
to a o-field B C F in a probability space (€2, F, P).

2.1 Conditional Expectation

Consider an integrable random variable X defined in a probability space (2, F, P), and a o-field
B C F. We define the conditional expectation of X given B (denoted by E(X|B)) to be any
integrable random variable Z that verifies the following two properties:

(i) Z is measurable with respect to B.

(ii) For all A€ B
E(Z14) = FE(X1y).

It can be proved that there exists a unique (up to modifications on sets of probability Z€ero)
random variable satisfying these properties. That is, if Z and Z verify the above properties, then
Z = Z, P-almost surely.

Property (ii) implies that for any bounded and B-measurable random variable Y we have

E(E(X|B)Y) = E(XY). (4)

Example 1 Consider the particular case where the o-field B is generated by a finite partition
{Bi1,..., By }. In this case, the conditional expectation F(X|B) is a discrete random variable that
takes the constant value E(X|B;) on each set B; :

= E(XIBJ
E(X|B) = Z (B
j=1 J

Here are some rules for the computation of conditional expectations in the general case:

Rule 1 The conditional expectation is linear:

|B(aX +bY|B) = aE(X|B) + bE(Y|B) |

Rule 2 A random variable and its conditional expectation have the same expectation:

|E(E(X|B)) = B(X)]

This follows from property (ii) taking A = Q.

Rule 3 If X and B are independent, then E(X|B) = E(X).
In fact, the constant F(X) is clearly B-measurable, and for all A € B we have

E(X14) = E (X)E(14) = E(E(X)14).
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Rule 4 If X is B-measurable, then E(X|B) = X.

Rule 5 If Y is a bounded and B-measurable random variable, then
E(YX|B) =YE(X|B).

In fact, the random variable Y E(X|B) is integrable and B-measurable, and for all A € B we
have

E(E(X|B)Y1,) = E(XY1y),

where the equality follows from (4). This Rule means that B-measurable random variables
behave as constants and can be factorized out of the conditional expectation with respect to
B. This property holds if X,Y € L2(€).

Rule 6 Given two o-fields C C B, then

|E(E(X|B)|C) = E (E(X|C)|B) = E(X[C)]

Rule 7 Consider two random variable X and Z, such that Z is B-measurable and X is indepen-
dent of B. Consider a measurable function h(z,z) such that the composition h(X, Z) is an
integrable random variable. Then, we have

E(h(X, 2)|B) = E (h(X, 2)) |:—7]

That is, we first compute the conditional expectation E (h(X, z)) for any fixed value z of the
random variable Z and, afterwards, we replace z by Z.

Conditional expectation has properties similar to those of ordinary expectation. For instance,
the following monotone property holds:

X <Y = E(X|B) <EY|B).

This implies |E(X|B) | < E(|X]|B).
Jensen inequality also holds. That is, if ¢ is a convex function such that E(]¢(X)|) < oo, then

¢ (B(X[B)) < E(p(X)|B). (5)
In particular, if we take p(x) = |z|P with p > 1, we obtain
|[E(X[B)I" < E(|X||B),
hence, taking expectations, we deduce that if E(|X|P) < oo, then E(|E(X|B)[P) < co and
E(|E(X|B)]) < E(IX]). (6)
We can define the conditional probability of an even C' € F given a o-field B as

P(C|B) = E(1¢|B).
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Suppose that the o-field B is generated by a finite collection of random variables Yi,...,Y,,.
In this case, we will denote the conditional expectation of X given B by E(X|Y1,...,Y,,). In this

case this conditional expectation is the mean of the conditional distribution of X given Y7,...,Y,.

The conditional distribution of X given Y, ...,Y,, is a family of distributions p(dz|y1, ..., Ym)
parameterized by the possible values y1, ...,y of the random variables Yi,...,Y},, such that for
alla < b

b
Pla< X BV Vo) = [ pldal¥, ... Vo)
a
Then, this implies that
EX|Y1,....,Y,) = / zp(dz|Yr, ..., Ym).
R

Notice that the conditional expectation E(X|Y1,...,Y,,) is a function g(Y1,...,Y,,) of the variables
Yi,...,Y,,,where

g(yl,...,ym):/Rxp(dx\yl,...,ym).

In particular, if the random variables X,Y7,...,Y,, have a joint density f(z,y1,...,ym), then
the conditional distribution has the density:

f(x)ylv"')ym)

f@ly, - ym) = —= 7
fjoo f('rvylv'--aym)dx
and .
E(X‘Yh,Ym) :/ xf(x]Y1,7Ym)dx

The set of all square integrable random variables, denoted by L?(Q, F, P), is a Hilbert space
with the scalar product
(Z,Y)=E(ZY).

Then, the set of square integrable and B-measurable random variables, denoted by L?(§2, B, P) is
a closed subspace of L2(€), F, P).

Then, given a random variable X such that E(X?) < oo, the conditional expectation E(X|B)
is the projection of X on the subspace L?(2, B, P). In fact, we have:

(i) E(X|B) belongs to L(, B, P) because it is a B-measurable random variable and it is square
integrable due to (6).

(ii) X — E(X|B) is orthogonal to the subspace L?(£, B, P). In fact, for all Z € L*(Q, B, P) we
have, using the Rule 5,

E((X - E(X|B)Z) = E(XZ)- E(E(X|B)Z)
= E(XZ)- E(E(XZ|B)) = 0.

As a consequence, E(X|B) is the random variable in L?(€, B, P) that minimizes the mean
square error:

Elx - E(X|B))2] =, i B [(X - Y)Z] . (7)
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This follows from the relation
E [(X . Y)2] —E [(X - E(X|B))2} +E [(E(X]B) _v)?

and it means that the conditional expectation is the optimal estimator of X given the o-field B.

2.2 Discrete Time Martingales
In this section we consider a probability space (€2, F, P) and a nondecreasing sequence of o-fields
FoCFICFoC---CFyC--v

contained in F. A sequence of real random variables M = {M,,,n > 0} is called a martingale with
respect to the o-fields {F;,,n > 0} if:

(i) For each n > 0, M, is F,-measurable (that is, M is adapted to the filtration {F,,n > 0}).
(ii) For each n >0, E(|M,|) < co.

(iii) For each n > 0,

| B(My1|Fy) = M, |

The sequence M = {M,,,n > 0} is called a supermartingale (or submartingale) if property (iii)
is replaced by E(Mn-‘rl‘-’rn) < Mn (OI‘ E(Mn+1|fn) > Mn)

Notice that the martingale property implies that E(M,,) = E(My) for all n. On the other hand,
condition (iii) can also be written as

E(AMy|Fn-1) =0,
for all n > 1, where AM,, = M,, — M, _1.

Example 2 Suppose that {£,,n > 1} are independent centered random variables. Set My = 0
and M, =& +...+&,, for n > 1. Then M, is a martingale with respect to the sequence of o-fields
Fn=o0(&,...,&) forn > 1, and Fy = {0, Q}. In fact,
E(Mn—i—l’}_n) = E(Mn + §n+1’]:n)
= My+ E(fn—i-l’]:n)
= M, + E(‘fn—l-l) = M,.
Example 3 Suppose that {&,,n > 1} are independent random variable such that P(&, = 1) = p,
€1t +en
i P(¢, = —1)=1—p,on0<p<1 Then M, = (2}

P
respect to the sequence of o-fields F,, = (&1, ...,&,) for n > 1, and Fy = {0, Q}. In fact,

1—p &1+ +Ent1
E(Mn+1|}—n) = FE <> ‘./_"n

, My = 1, is a martingale with

p

1 — §1t+én 1 _ En+1
- (57 e (5
p p

1 _ €n+1
- (152

p
= M,.
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In the two previous examples, F,, = o(My,...,M,), for all n > 0. That is, {F,} is the
filtration generated by the process {M,}. Usually, when the filtration is not mentioned, we will
take F, = o(Mo, ..., M,), for all n > 0. This is always possible due to the following result:

Lemma 12 Suppose {M,,n > 0} is a martingale with respect to a filtration {G,}. Let F, =
o(My,...,M,) C G,. Then {M,,n > 0} is a martingale with respect to a filtration {F,}.

Proof. We have, by the Rule 6 of conditional expectations,
E(Mn-&-l‘-’rn) = E(E(Mm—l’gn)‘]:n) = E(M‘}_n) = My.

[ ]
Some elementary properties of martingales:

1. If {M,} is a martingale, then for all m > n we have

|B(My|Fy) = M, |

In fact,
My = E(Myy1Fn) = E(E(Mpi2|Foi1) | Fn)
= EMpi2 |Fn) == E(Mp|Fy).
2. {M,} is a submartingale if and only if {—M,} is a supermartingale.

3. If {M,} is a martingale and ¢ is a convex function such that E(|¢(M,)|) < oo for all
n > 0, then {p(M,)} is a submartingale. In fact, by Jensen’s inequality for the conditional
expectation we have

E(o(My41)|Fn) = @ (E(Mpy1|Fn)) = ¢(My).

In particular, if {M,,} is a martingale such that E(|M,|P) < oco for all n > 0 and for some
p > 1, then {|M,|"} is a submartingale.

4. If {M,} is a submartingale and ¢ is a convex and increasing function such that E(|p(M,)]) <
oo for all n > 0, then {p(M,)} is a submartingale. In fact, by Jensen’s inequality for the
conditional expectation we have

E (o(Mn41)|Fn) = ¢ (E(Mni1|Fn)) = o(My).
In particular, if {M,,} is a submartingale , then {M,"} and {M,, V a} are submartingales.

Suppose that {F,,,n > 0} is a given filtration. We say that { H,,n > 1} is a predictable sequence
of random variables if for each n > 1, H, is F,,_1-measurable. We define the martingale transform
of a martingale {M,,,n > 0} by a predictable sequence {H,,n > 1} as the sequence

(H-M), =M+ Zyzl H;AM;.
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Proposition 13 If {M,,n > 0} is a (sub)martingale and {H,,n > 1} is a bounded (nonnegative)
predictable sequence, then the martingale transform {(H - M),} is a (sub)martingale.

Proof. Clearly, for each n > 0 the random variable (H - M),, is F,,-measurable and integrable.
On the other hand, if n > 0 we have

E((H-M)pt1 — (H-M)p|Fn) = E(Hp1AMyi1|Fn)
= Hpi E(AMyi1)Fp) = 0.

]

We may think of H, as the amount of money a gambler will bet at time n. Suppose that
AM,, = M, — M,,_4 is the amount a gambler can win or lose at every step of the game if the bet is
1 Euro, and Mj is the initial capital of the gambler. Then, M, will be the fortune of the gambler
at time n, and (H - M),, will be the fortune of the gambler if he uses the gambling system {H,}.
The fact that {M,,} is a martingale means that the game is fair. So, the previous proposition tells
us that if a game is fair, it is also fair regardless the gambling system {H,}.

Suppose that M,, = My + & + -+ + &, where {&,,n > 1} are independent random variable
such that P(§, = 1) = P(§, = —1) = 3. A famous gambling system is defined by H; = 1 and for
n>2 H,=2H,,if &1 = -1, and H, = 0if &,_1 = 1. In other words, we double our bet
when we lose, and we quit the game when we win, so that if we lose k times and then win, out net
winnings will be

“1-2—4—... -2kl ok

This system seems to provide us with a “sure win”, but this is not true due to the above proposition.

Example 4 Suppose that S, S}, ..., S? are adapted and positive random variables which represent
the prices at time n of d + 1 financial assets. We assume that S = (1 + )", where r > 0 is the
interest rate, so the asset number 0 is non risky. We denote by S, = (59, S}, ..., S%) the vector of
prices at time n, where 1 <n < N.

In this context, a portfolio is a family of predictable sequences {¢!,n > 1}, i =0,...,d, such
that ¢! represents the number of assets of type i at time n. We set ¢, = (¢0,d%,...,¢%). The
value of the portfolio at time n > 1 is then

Vi = 050 + @LSL + ..+ ¢1SE = ¢y, - Sy

We say that a portfolio is self-financing if for all 1 <n < N

Vi =Vo+ 2272105 AS;,

where Vj denotes the initial capital of the portfolio. This condition is equivalent to

’¢nsn:¢n+15n‘

for all 0 < n < N — 1. A self-financing portfolio is characterized by V[ and the amount of risky
assets (4L, ..., ¢%). Define the discounted prices by

Sp=1+7r) "8, =(1,(1+r) "5 . (14r)""S%.
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Then the discounted value of the portfolio is
‘771 = (1 + T)inVn = ¢n - gna

and the self-financing condition can be written as

¢n ' Sn = ¢n+1 : Sny

for n > 0, that is, ‘7n+1 — Vn = Ppit1 (§n+1 — gn) and summing in n we obtain

Vo=Vo+ > ¢;-AS;.
j=1

In particular, if d = 1, then V,, = (¢* - S1),, is the martingale transform of the sequence {S.} by
the predictable sequence {¢L}. As a consequence, if {S1} is a martingale and {¢L} is a bounded
sequence, {17”} will also be a martingale.

We say that a probability @ equivalent to P (that is, P(A) = 0 & Q(A) = 0), is a risk-
free probability, if in the probability space (€, F,Q) the sequence of discounted prices S, is a
martingale with respect to F,. Then, the sequence of values of any self-financing portfolio will
also be a martingale with respect to JF,,, provided the 3, are bounded.

In the particular case of the binomial model (d = 1 and S, = S}) (also called Ross-Cox-
Rubinstein model), we assume that the random variables
Sn AS,

=1+ ,
Sn—l Sn—l

T, =
n =1,..., N are independent and take two different values 1+a, 14+ b, a < r < b, with probabilities
p, and 1 — p, respectively. In this example, the risk-free probability will be

b—r
b—a

p:

In fact, for each n > 1,
E(T,)=(1+ap+(1+b1—-p =1+,

and, therefore,

E(Su|Fa1) (L+7)""E(Sn|Fn-1)
- (1 + 7“)_nE(TnSnfl|~;L—n71)
= (1 =+ 7“)_nsnflE(Tn|~7:nfl)
= (1+7)7'S, 1 E(T})

= gn—l-

Consider a random variable H > 0, Fy-measurable, which represents the payoff of a derivative
at the maturity time NN on the asset. For instance, for an European call option with strike price K,
H = (Sy — K)T. The derivative is replicable if there exists a self-financing portfolio such that
Vny = H. We will take the value of the portfolio V,, as the price of the derivative at time n. In
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order to compute this price we make use of the martingale property of the sequence V,, and we
obtain the following general formula for derivative prices:

Vo = (Lt r)" N Eq(H| Fy)

In fact, N N
Vo= Eq(Vn|Fn) = (1 +7) " NEQ(H|F,).

In particular, for n = 0, if the o-field Fy is trivial,

Vo=(1+r)"NEg(H)]

2.3 Stopping Times

Consider a non-decreasing family of o-fields
foninzC---

in a probability space (2, F, P). That is F,, C F for all n.

A random variable T : Q — {0,1,2,...} U {oco} is called a stopping time if the event {T = n}
belongs to F;, for all n = 0,1,2,.... Intuitively, F,, represents the information available at time n,
and given this information you know when 7" occurs.

Example 5 Consider a discrete time stochastic process {X,,n > 0} adapted to {F,,n > 0}. Let
A be a subset of the space state. Then the first hitting time T4 is a stopping time because

(Ta=n}y={Xo & A,....,Xp1 ¢ A X, € Al.

The condition {T' = n} € F, for all n > 0 is equivalent to {T' < n} € F, for all n > 0. This is
an immediate consequence of the relations

{T < n}=Ui{T =i},
{T = n}={T <n}n{T <n-1})".
The extension of the notion of stopping time to continuous time will be inspired by this equiv-
alence. Consider now a continuous parameter non-decreasing family of o-fields {F;,¢ > 0} in a

probability space (2, F, P). A random variable T' : © — [0, 00] is called a stopping time if the
event {1" <t} belongs to F; for all ¢ > 0.

Example 6 Consider a real-valued stochastic process { Xy, ¢ > 0} with continuous trajectories, and
adapted to {F;,t > 0}. Assume Xy =0 and a > 0. The first passage time for a level a € R defined
by

Tp :=inf{t >0: X; = a}

is a stopping time because

{Tagt}:{sup XSZa}:{ sup XSZa}E}"t.

0<s<t 0<s<t,seQ

Properties of stopping times:
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1. If S and T are stopping times, so are SV T and S AT. In fact, this a consequence of the
relations

{(SvT <t} = {S<t}n{T<t},
{SAT <t} = {S<t}Uu{T <t}.
2. Given a stopping time 7', we can define the o-field
Fr={A: An{T <t} e F, forallt>0}.
Fr is a o-field because it contains the empty set, it is stable by complements due to
AN{T <t} = (AU{T > t}) = (An{T < t}) U{T > t})°,
and it is stable by countable intersections.
3. If S and T are stopping times such that S < T, then Fg C Fr. In fact, if A € Fg, then
AnN{T <t} =[An{S<t}In{T <t} e FK
for all t > 0.

4. Let {X;} be an adapted stochastic process (with discrete or continuous parameter) and let
T be a stopping time. Assume T < oo. If the parameter is continuous, we assume that the
trajectories of the process {X;} are right-continuous. Then the random variable

Xr(w) = Xp)(w)
is Fpr-measurable. In discrete time this property follows from the relation
{XreBin{T'=n}={X,eB}n{T'=n}eF,

for any subset B of the state space (Borel set if the state space is R).

2.4 Optional stopping theorem

Consider a discrete time filtration and suppose that T is a stopping time. Then, the process

Hn = Yr>n)

is predictable. In fact, {T' > n} = {T' < n — 1} € F,_1. The martingale transform of {M,,} by
this sequence is

(H-M)a = Mo+ Lirsgy (M — M)
j=1
TAn

= M+ Z (Mj — Mj_1) = Mppp.
j=1

As a consequence, if {M,, } is a (sub)martingale , the stopped process { M7, } will be a (sub)martingale.
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Theorem 14 (Optional Stopping Theorem) Suppose that {M,} is a submartingale and S <
T < m are two stopping times bounded by a fized time m. Then

E(Mr|Fs) > Ms,
with equality in the martingale case.

This theorem implies that E(Mp) > E(Mg).
Proof. We make the proof only in the martingale case. Notice first that Mr is integrable
because

|Mp| < |My|.
n=0

Consider the predictable process Hy, = 1{g.n<7)na, Where A € Fg. Notice that {H,} is predictable
because
{S<n<T}NA={T<n}N{S<n—-1}NA] € F,_1.

Moreover, the random variables H,, are nonnegative and bounded by one. Therefore, by Proposition
13, (H - M),, is a martingale. We have

(H-M) = Mo,
(H-M)y = My+14(Mp— Msg).
The martingale property of (H - M),, implies that E((H - M)) = E((H - M),,). Hence,
E@Qa(Mr—Mg))=0
for all A € Fg and this implies that E(Mrp|Fg) = Mg, because Mg is Fg-measurable. ®

Theorem 15 (Doob’s Maximal Inequality) Suppose that {M,} is a submartingale and X > 0.
Then

1
P(0<S7111£N Mn 2 >\) S XE(MNl{Sup()SnSNMHZA})‘

Proof. Consider the stopping time
T=inf{n>0:M, > A} AN.
Then, by the Optional Stopping Theorem,
E(My) > E(Mrp)= E(MTl{SupogngN anA})

+E(MT1{sup0§n§N Mn<>\})

> AP(OSSEEN My > ) + E(MNLgg 0 agen})-

]
As a consequence, if {M,} is a martingale and p > 1, applying Doob’s maximal inequality to
the submartingale {|M,,|P} we obtain

P( sup |M,|>\) <

1
— E(|Mx|P),
S w EUMNT)

which is a generalization of Chebyshev inequality.
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2.5 Martingale convergence theorems

Theorem 16 (The Martingale Convergence Theorem) If{M,} is a submartingale such that
sup,, E(M,}) < oo, then
M, = M

where M is an integrable random variable.

As a consequence, any nonnegative martingale converges almost surely. However, the conver-
gence may not be in the mean.

Example 7 Suppose that {£,,n > 1} are independent random variables with distribution N (0, 02).
Set My =1, and

n
n
M, = exp ij — 502
j=1

Then, {M,} is a nonnegative martingale such that M, 2% 0, by the strong law of large numbers,

but E(M,) =1 for all n.

Example 8 (Branching processes) Suppose that {£]',n > 1,7 > 0} are nonnegative independent
identically distributed random variables. Define a sequence {Z,} by Zp =1 and for n > 1

1 1
Zoy = SRR A ?f Z, >0
0 if Z,=0

The process {Z,} is called a Galton-Watson process. The random variable Z,, is the number of
people in the nth generation and each member of a generation gives birth independently to an
identically distributed number of children. p, = P(£' = k) is called the offspring distribution. Set
p = E(&'). The process Z,/u" is a martingale. In fact,

E(Zns1|Fn) = ZE<Zn+11{Zn:k}‘}—”)

k=1

= D B(ET + G Lzmn | F)
pt

= D Yz BE + -+ GTF)
k=1

= Y 1z nBE@ ++
pt

= D Lzummyhn = 1.
k=1

This implies that E(Z,) = . On the other hand, Z, /u" is a nonnegative martingale, so it
converges almost surely to a limit. This implies that Z,, converges to zero if u < 1. Actually, if
p <1, Z, =0 for all n sufficiently large. This is intuitive: If each individual on the average gives
birth to less than one child, the species dies out.
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One can show that the limit of Z,,/u" is zero if yp = 1 and & is not identically one. If y > 1
the limit of Z,,/u™ has a change of being nonzero. In this case p = P(Z, = 0 for some n) < 1 is
the unique solution of ¢(p) = p, where ¢(s) = > 5o prs® is the generating function of the spring
distribution.

The following result established the convergence of the martingale in mean of order p in the

case p > 1.

Theorem 17 If {M,} is a martingale such that sup,, E(|M,|") < oo, for some p > 1, then

Y Y

n

almost surely and in mean of order p. Moreover, M, = E(M|F,) for all n.

Example 9 Consider the symmetric random walk {S,,n > 0}. That is, Sy = 0 and for n > 1,
Sn =& + ... + &, where {&,,n > 1} are independent random variables such that P(§, = 1) =
P(&, = —1) = 1. Then {S,} is a martingale. Set

T = inf{n >0:5, ¢ (a7 b)}’

where b < 0 < a. We are going to show that E(T) = |ab].

In fact, we know that {S7a,} is a martingale. So, E(Sta,) = E(Sp) = 0. This martingale
converges almost surely and in mean of order one because it is uniformly bounded. It easy to check
that P(T < oo) =1 ( because the random walk is recurrent). In fact,

P(T =) =P(a <S5, <b,¥Yn) < P(S, = j,for some j and for infinitely manyn) = 0.

Hence,

a.s. 1
ST/\n —7L> ST c {b, a}.

Therefore, E(St) = 0 = aP (St = a) +bP (S = b). From these equation we obtain the absorption
probabilities:

Now {52 — n} is also a martingale, and by the same argument, this implies E(S2) = E(T),
which leads to E(T') = —ab.

2.6 Continuous Time Martingales

Consider an nondecreasing family of o-fields {F;,¢t > 0}. A real continuous time process M =
{M;,t > 0} is called a martingale with respect to the o-fields {F;, ¢ > 0} if:

(i) For each t > 0, M, is F;-measurable (that is, M is adapted to the filtration {F;,¢ > 0}).

(ii) For each t > 0, E(|M,]) < oc.
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(iii) For each s <t, E(M|Fs) = M.
Property (iii) can also be written as follows:
E(M; — M| Fs) =0
Notice that if the time runs in a finite interval [0, 7], then we have
My = E(Mr|Fy),

and this implies that the terminal random variable M7 determines the martingale.

In a similar way we can introduce the notions of continuous time submartingale and super-
martingale.

As in the discrete time the expectation of a martingale is constant:
E(M;) = E(My).

Also, most of the properties of discrete time martingales hold in continuous time. For instance, we
have the following version of Doob’s maximal inequality:

Proposition 18 Let {M;,0 <t <T } be a martingale with continuous trajectories. Then, for all
p>1 and all A > 0 we have

1
P sup s> ) < L EQMEP).
0<t<T AP

This inequality allows to estimate moments of supy<;<p |M;|. For instance, we have

E< sup ]Mt\2> < 4E(|M7|?).
0<t<T

Exercises

4.1 Let X and Y be two independent random variables such that P(X =1) = P(Y = 1) = p, and
P(X=0)=PY =0)=1-p. Set Z = 1x y—g}- Compute E(X|Z) and E(Y|Z). Are
these random variables still independent?

4.2 Let {Y,},>; be a sequence of independent random variable uniformly distributed in [-1,1].
Set S =0and S, =Y, +---+7Y, if n > 1. Check whether the following sequences are
martingales:

n
MY = N S2 vin>1, MV =0
k=1

M® = g2 C

§7

M =o.

31



4.3 Consider a sequence of independent random variables { X, },>1 with laws N(0,0?). Define

n
Y, =exp (aZXk — n02> ,
k=1

where a is a real parameter and Yy = 1. For which values of a the sequence Y,, is a martin-
gale?

4.4 Let Y1,Ys, ... be nonnegative independent and identically distributed random variables with
E(Y,) = 1. Show that Xo =1, X,, = Y1Ys---Y,, defines a martingale. Show that the almost
sure limit of X, is zero if P(Y,, = 1) < 1 (Apply the strong law of large numbers to log V).

4.5 Let S, be the total assets of an insurance company at the end of the year n. In year
n, premiums totaling ¢ > 0 are received and claims &, are paid where &, has the normal
distribution N(u,02) and p < ¢. The company is ruined if assets drop to 0 or less. Show
that

P(ruin) < exp(—2(c — u1)Sp/0?).

4.6 Let S, be an asymmetric random walk with p > 1/2, and let T' = inf{n : S,, = 1}. Show that
Sn — (p — ¢)n is a martingale. Use this property to check that E(T) = 1/(2p — 1). Using
the fact that (S, — (p — q)n)* — o®n is a martingale, where o = 1 — (p — ¢)?, show that
Var(T) = (1= (p—q)?) /(p — 0)*.
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3 Stochastic Calculus

3.1 Brownian motion

In 1827 Robert Brown observed the complex and erratic motion of grains of pollen suspended in a
liquid. It was later discovered that such irregular motion comes from the extremely large number
of collisions of the suspended pollen grains with the molecules of the liquid. In the 20’s Norbert
Wiener presented a mathematical model for this motion based on the theory of stochastic processes.
The position of a particle at each time ¢t > 0 is a three dimensional random vector B;.

The mathematical definition of a Brownian motion is the following;:

Definition 19 A stochastic process {By,t > 0} is called a Brownian motion if it satisfies the
following conditions:

i) By=0

it) For all0 <t} < --- <t, the increments By, — By, ,,..., B, — By,, are independent random
variables.

i) If 0 < s < t, the increment By — B has the normal distribution N(0,t — s)
iv) The process { By} has continuous trajectories.
Remarks:

1) Brownian motion is a Gaussian process. In fact, the probability distribution of a random vector
(Bty,...,B,), for 0 <1 <--- < tp, is normal, because this vector is a linear transformation
of the vector (Bt1 , Bty — By, ..., By, — Btn—l) which has a joint normal distribution, because
its components are independent and normal.

2) The mean and autocovariance functions of the Brownian motion are:
EB;) = 0
E(BsB:) = E(Bs(B:— Bs+ Bs))
= E(Bs(B; — By)) + E(B2) = s = min(s, t)
if s < t. It is easy to show that a Gaussian process with zero mean and autocovariance
function I'x (s, t) = min(s, t), satisfies the above conditions i), ii) and iii).

3) The autocovariance function I'x(s,t) = min(s,t) is nonnegative definite because it can be
written as

min(s, t) :/0 Lio,5)(r) 1[0, (r)dr,
S0

2 a;Q; min(ti,tj) = Z aiaj/o 1[07“](’/")1[07”}(1")(11"

3,j=1 1,j=1
2

0 Li=1
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Therefore, by Kolmogorov’s theorem there exists a Gaussian process with zero mean and co-
variance function I'x (s,t) = min(s, ). On the other hand, Kolmogorov’s continuity criterion
allows to choose a version of this process with continuous trajectories. Indeed, the increment
B — B; has the normal distribution N(0,¢—s), and this implies that for any natural number
k we have ok )1

E [(Bt - Bs)gﬂ - (Zkk)!'(t AL (8)
So, choosing k = 2, it is enough because

E [(Bt - Bs)ﬂ = 3(t — )%

4) In the definition of the Brownian motion we have assumed that the probability space (2, F, P)
is arbitrary. The mapping
Q — C([0,00),R)
w — B.(w)
induces a probability measure Pg = P o B~ | called the Wiener measure, on the space of
continuous functions C' = C'([0,00),R) equipped with its Borel o-field Bo . Then we can

take as canonical probability space for the Brownian motion the space (C,Bc, Pp). In this
canonical space, the random variables are the evaluation maps: X;(w) = w(t).

3.1.1 Regularity of the trajectories

From the Kolmogorov’s continuity criterium and using (8) we get that for all € > 0 there exists a
random variable G¢ 7 such that

B, — By| < Gerlt — s|27%,

for all s,t € [0, 7). That is, the trajectories of the Brownian motion are Hélder continuous of order

% — ¢ for all € > 0. Intuitively, this means that

D=

ABt = Bt+At — Bt = (At) .
This approximation is exact in mean: E {(ABt)Q} = At.

3.1.2 Quadratic variation

Fix a time interval [0,¢] and consider a subdivision 7 of this interval
O=tg <ty <-- - <tp=t.

The norm of the subdivision 7 is defined by |7| = maxy Aty, where Aty = ¢, —t5_1 . Set
ABy, = By, — By, _,. Then, if t; = 2 we have

n " %
Z|ABk\ :n() — 00,
k=1 "
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whereas
n

t
ABp) =n— =t
> (ABy) n

k=1

These properties can be formalized as follows. First, we will show that > }_; (ABk)2 converges in
mean square to the length of the interval as the norm of the subdivision tends to zero:

E (znj(ABk)2—t>2 = E (i [@Bk)Q‘At’fDQ

k=1 k=1

([(ABk)Q _ Aﬁ)

= Y [3a0) —2(86) + (a4
k

I
M:
&

k=1

s

3 =

0
= 257 (A)? < 2tfr] T2 0.
k=1

On the other hand, the total variation, defined by
n
V =sup Z |AB|
T k=1

is infinite with probability one. In fact, using the continuity of the trajectories of the Brownian
motion, we have

S (AB)? < sup|ABy| (Z ABM) < Vsup|ABy| T30 (9)
k=1 k k=1 k

if V' < oo, which contradicts the fact that »_,_, (AB},)? converges in mean square to ¢ as |r| — 0.

3.1.3 Self-similarity

For any a > 0 the process
{a 2Byt > 0}

is a Brownian motion. In fact, this process verifies easily properties (i) to (iv).

3.1.4 Stochastic Processes Related to Brownian Motion
1.- Brownian bridge: Consider the process
Xy = By — tBy,
t € [0,1]. It is a centered normal process with autocovariance function
E(X;Xs) = min(s,t) — st,
which verifies Xg =0, X1 = 0.
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2.- Brownian motion with drift: Consider the process
Xt = O'Bt + ,ut,
t > 0, where ¢ > 0 and p € R are constants. It is a Gaussian process with

E(Xt) = ,ut,
Ix(s,t) = o?min(s,t).

3.- Geometric Brownian motion: It is the stochastic process proposed by Black, Scholes and
Merton as model for the curve of prices of financial assets. By definition this process is given

): (% Bt +}lt

t > 0, where ¢ > 0 and pu € R are constants. That is, this process is the exponential of a
Brownian motion with drift. This process is not Gaussian, and the probability distribution
of X is lognormal.

3.1.5 Simulation of the Brownian Motion

Brownian motion can be regarded as the limit of a symmetric random walk. Indeed, fix a time
interval [0, T]. Consider n independent are identically distributed random variables &1, . ..,&, with
zero mean and variance % Define the partial sums

Rk:£1++§k7 kzla"'vn'

By the Central Limit Theorem the sequence R, converges, as n tends to infinity, to the normal
distribution N (0,7).
Consider the continuous stochastic process Sy, (t) defined by linear interpolation from the values

kT

Then, a functional version of the Central Limit Theorem, known as Donsker Invariance Principle,
says that the sequence of stochastic processes S,(t) converges in law to the Brownian motion on
[0,T]. This means that for any continuous and bounded function ¢ : C([0,7]) — R, we have

E(p(Sn)) = E(p(B)),

as n tends to infinity.

The trajectories of the Brownian motion can also be simulated by means of Fourier series
with random coefficients. Suppose that {e,,n > 0} is an orthonormal basis of the Hilbert space
L?([0,T]). Suppose that {Z,,n > 0} are independent random variables with law N(0,1). Then,

the random series
o t
Z Zn / en(s)ds
n=0 0
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converges uniformly on [0, 7], for almost all w, to a Brownian motion {By,t € [0,T]}, that is,

ZZ/ s)ds — By

This convergence also holds in mean square. Notice that

(S [ i) (L [ )]
([ eatrrae) ([ eutrr)
N—00

<1[0,t]7 e">L2([O,T]) <1[0,s]a €n>L2([07T]) — <1[0,t]7 1[0,5}>L2([0’TD =sAt.

sup 220.

0<t<T

M= 1M

Il
o

n

In particular, if we take the basis formed by trigonometric functions, e,(t) = ﬁcos(nt/ 2),

for n > 1, and eg(t) = \/%7 on the interval [0, 27], we obtain the Paley-Wiener representation of

Brownian motion:

sin(nt/2)

By = , t €[0,2m].

+ — Zn
“ e V& Z

In order to use this formula to get a simulation of Brownian motion, we have to choose some
number M of trigonometric functions and a number N of discretization points:

M .
t; 2 sin(nt;/2)
Zy—e+ =Y 2, R
0 /—271_ n n

where t; = 28 j =0,1,...,N.

3.2 DMartingales Related with Brownian Motion

Consider a Brownian motion {B;,t > 0} defined on a probability space (2, F, P). For any time
t, we define the o-field F; generated by the random variables {Bs,s < t} and the events in F of
probability zero. That is, F; is the smallest o-field that contains the sets of the form

{Bs € A} UN,

where 0 < s < ¢, A is a Borel subset of R, and N € F is such that P(N) = 0. Notice that Fs; C F;
if s <t, that is , {F;,t > 0} is a non-decreasing family of o-fields. We say that {F;,t > 0} is a
filtration in the probability space (2, F, P).

We say that a stochastic process {u;,t > 0} is adapted (to the filtration F;) if for all ¢ the
random variable u; is F;-measurable.

The inclusion of the events of probability zero in each o-field F; has the following important
consequences:

a) Any version of an adapted process is adapted.
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b) The family of o-fields is right-continuous: For all ¢ > 0

ﬁs>t~/__:9 = Ft-

If B; is a Brownian motion and F; is the filtration generated by By, then, the processes

By
Bl —t
2
t
exp(aBy — %)

are martingales. In fact, B; is a martingale because
E(By — Bs|Fs) = E(By — Bs) = 0.
For B? —t, we can write, using the properties of the conditional expectation, for s < ¢

E(Bt2|-7:s) = E((Bt_Bs+Bs)2‘fs)
= E((B:— Bs )2 |Fs) +2E((By — Bs ) Bs|Fs)
+E(BZ|Fs)
= E(B:— Bs )2+2BSE((Bt_Bs )|Fs)+B§
= t—s+ B

Finally, for exp(aB; — “TQt) we have

a2t a2t
E(eaBt_T‘}—s) = eaBSE(ea(Bt_Bs)_T‘]:s)

= e
As an application of the martingale property of this process we will compute the probability
distribution of the arrival time of the Brownian motion to some fixed level.

Example 1 Let B; be a Brownian motion and F; the filtration generated by B;. Consider the
stopping time
T, = inf{t > 0: By = a},

2
AB;— 2t

where a > 0. The process M; = e 2 is a martingale such that

E(M;) = E(My) = 1.
By the Optional Stopping Theorem we obtain
E(M:,An) =1,

for all N > 1. Notice that

2
A (TCL2/\ N)> Sea)\'

M. AN = exp <>\B7'a/\N -
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On the other hand,
im0 M‘ra/\N = Mra if 7, <oo
th—moMT /\N:O if Ta = OO

a

and the dominated convergence theorem implies

E (1{7a<oo}MTa) =1,

A7, a
SO, J

Py <o0) =1,

2
E( exp <—)\2Ta>> = e,

With the change of variables %2 = «, we get

that is,

Letting A | 0 we obtain

and, consequently,

E( exp(—ar,)) = ¢ V20a, (10)

From this expression we can compute the distribution function of the random variable 7:

ae—a2 /2s

t
P(r, <t :/ —ds.
( ) 0 V2ms3

On the other hand, the expectation of 7, can be obtained by computing the derivative of (10) with

respect to the variable a:
ae~V2aa

E( tgexp(—aty)) = W,

and letting o | 0 we obtain E(1,) = +00.

3.3 Stochastic Integrals

We want to define stochastic integrals of the form.

fOT utdBt .

One possibility is to interpret this integral as a path-wise Riemann Stieltjes integral. That means,
if we consider a sequence of partitions of an interval [0, T7:

T 0=ty <ty <--- <ty <t =T
and intermediate points:

op: b <8<ty i=0,..,k, — 1,

39



n n—Qqo

such that sup; (¢} — ¢ ;) — 0, then, given two functions f and g on the interval [0,T], the
Riemann Stieltjes integral fOT fdg is defined as

n

Tim Y f(si-1)Ag;
i=1

provided this limit exists and it is independent of the sequences 7, and o, where Ag; = g(t;) —
g(ti-1).

The Riemann Stieltjes integral fOT fdg exists if f is continuous and g has bounded variation,
that is,

sup E |Agi| < 0.
T .
(2

In particular, if g is continuously differentiable, fOT fdg = fOT f(t)g'(t)dt.

We know that the trajectories of Brownian motion have infinite variation on any finite interval.
So, we cannot use this result to define the path-wise Riemann-Stieltjes integral fOT ut(w)dByi(w) for
a continuous process .

Note, however, that if u has continuously differentiable trajectories, then the path-wise Riemann
Stieltjes integral fOT ut(w)dBy(w) exists and it can be computed integrating by parts:

[T wdB, = urBr — [} ) Bydt.

We are going to construct the integral fOT urdB; by means of a global probabilistic approach.
Denote by LiT the space of stochastic processes

u={u,t€0,T]}
such that:

a) wu is adapted and measurable (the mapping (s,w) — us(w) is measurable on the product space
[0, 7] x Q with respect to the product o-field Bjg ) x F).

b) E (fOT ufdt) < .

Under condition a) it can be proved that there is a version of u which is progressively measurable.
This condition means that for all ¢ € [0, T, the mapping (s,w) — us(w) on [0, ¢] x §2 is measurable
with respect to the product o-field By ;5 x F¢. This condition is slightly strongly than being adapted
and measurable, and it is needed to guarantee that random variables of the form fg ugds are JFy-
measurable.

Condition b) means that the moment of second order of the process is integrable on the time
interval [0,7]. In fact, by Fubini’s theorem we deduce

E </0Tu§dt> :/OTE(uf) dt.

Also, condition b) means that the process u as a function of the two variables (t,w) belongs to the
Hilbert space. L?([0,T] x ).
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We will define the stochastic integral fOT urdBy for processes u in LzT as the limit in mean
square of the integral of simple processes. By definition a process u in Lg 7 is a simple process if
it is of the form

Uy = Zﬁbjl(tj,l,tj](t), (11)
j=1

where 0 =ty <t; <--- <t, =T and ¢; are square integrable F;,_,-measurable random variables.
Given a simple process u of the form (11) we define the stochastic integral of u with respect to
the Brownian motion B as

T n
/O wdBy =Y ¢ (B, — By;_,). (12)
j=1

The stochastic integral defined on the space £ of simple processes possesses the following isom-
etry property:

B (1 was)’| = £ (5 ar) (13)

Proof. Set ABj = By, — By;_,. Then

0 if i

E(9:0;ABAB;) = { E (Qﬁ?) (tj—tj—1) if i=j

because if @ < j the random variables ¢;¢;AB; and AB; are independent and if i = j the random
variables ¢? and (AB;)? are independent. So, we obtain

2

T n n
— o ) ) — 2 4
E < /0 utdBt> = Y E(¢i¢;AB/AB;) = Z;E (¢7) (t; — ti—1)

ij=1
T
= F (/ u?dt) .
0

The extension of the stochastic integral to processes in the class LiT is based on the following

approximation result:

Lemma 20 If u is a process in LiT then, there exists a sequence of simple processes u\™ such

that
T
lim F (/ ’ut — UE”)

Proof: The proof of this Lemma will be done in two steps:

’ dt) =0. (14)

1. Suppose first that the process w is continuous in mean square. In this case, we can choose
the approximating sequence

uﬁ") = Z ut; L) (1),
j:l
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where t; = % The continuity in mean square of u implies that
T 2
E</ ’ut—uin)‘ dt> <T sup E(\ut—uslz),
0 [t—s|<T/n
which converges to zero as n tends to infinity.

2. Suppose now that u is an arbitrary process in the class L?L’T. Then, we need to show that

there exists a sequence v(™), of processes in LZ 7, continuous in mean square and such that
K

T
lim F (/ }ut - Ut(n)

In order to find this sequence we set

t t t
Ugn) = n/ Ust =N (/ ust - / usld8> ’
-1 0 0 "

with the convention u(s) = 0 if s < 0. These processes are continuous in mean square
(actually, they have continuous trajectories) and they belong to the class L37T. Furthermore,
(15) holds because for each (t,w) we have

2dt> = 0. (15)

T 2
/ ‘u(t, w) — o™ (t,w)| dt =50
0

(this is a consequence of the fact that U,E”) is defined from u; by means of a convolution with

the kernel nl[_ 1 ’0]) and we can apply the dominated convergence theorem on the product
space [0,T] x 2 because

T 9 T
/ o) (1,0 dtg/ lult, )2 dt.
0 0

|

Definition 21 The stochastic integral of a process u in the L?L’T is defined as the following limit
1N mean square

T T
/ wdB; = lim | u{dB,, (16)
0 n—oo 0

where v is an approzimating sequence of simple processes that satisfy (14).

Notice that the limit (16) exists because the sequence of random variables fOT u,ﬁ”) dB; is Cauchy
in the space L?(2), due to the isometry property (13):

T T 2 T 9
(/ ugn)dBt - / ugm)dBt> = F </ (ugn) — ugm)) dt>
0 0 0

2F </0T (ugn) — ut)z dt>
+2F </0T (ut - ugm))Z dt> L.

E

IN
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On the other hand, the limit (16) does not depend on the approximating sequence u™.
Properties of the stochastic integral:

</0TutdBt>2 =K </0Tu§dt> :
B K/OTutdBtﬂ 0.

T T T
/ (aut + b’Ut) dBt = a/ utdBt + b/ UtdBt.
0 0 0

1.- Isometry:

E

2.- Mean zero:

3.- Linearity:

4.- Local property: fUT ugdBy = 0 almost surely, on the set G = {fOT udt = O} .

Local property holds because on the set G the approximating sequence

(G l)T
N
nm ) _ Zm [/(] yr 1u8dS] 1<(j,nl)T7%] (t)
vanishes.
Example 1
/TB dB; = 132 1T
, TPt T g

The process B; being continuous in mean square, we can choose as approximating sequence
n
- E Btjfll(tjfl,tj](t)u
J=1

where t; = T , and we obtain

T n
/(; BBy = JE{}OZBtj_l (Btj - Bt]‘—l)
j=1

1 . " 2 2 - 2
= 3> (B - BL) - 5w S (B - B
j=1 j=1
1 1
= -B2--T
2T 9

If x; is a continuously differentiable function such that xy = 0, we know that

T T 1
/ ridry = / xt:zgdt = 7$2T.
0 0 2
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Notice that in the case of Brownian motion an additional term appears: —%T.

Example 2 Consider a deterministic function g such that fOT g(s)?ds < co. The stochastic integral

fOT gsdBg is a normal random variable with law
T
N, [ gs2as)
0

3.4 Indefinite Stochastic Integrals

Consider a stochastic process u in the space LZI. Then, for any ¢ € [0,T] the process uljgy also
belongs to LiT , and we can define its stochastic integral:

t T
/ ’U,sst = / usl[()’t](s)st.
0 0

In this way we have constructed a new stochastic process

t
{/ usst,Ogth}
0

which is the indefinite integral of u with respect to B.
Properties of the indefinite integrals:

1. Additivity: For any a < b < ¢ we have

b c c
/ usdByg —|—/ usdBs :/ usdBs.
a b a

2. Factorization: If a < b and A is an event of the o-field F, then,

b b
/ 14usdBg = ]-A/ usdBs.
a a

Actually, this property holds replacing 14 by any bounded and F,-measurable random vari-
able.

3. Martingale property: The indefinite stochastic integral M; = fot usdB; of a process u € Lz’T
is a martingale with respect to the filtration F;.

Proof. Consider a sequence u(™ of simple processes such that

T 2
lim E </ ‘ut _ ™ dt) —0.
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Set My, (t) = fot ugn) dB;. If ¢; is the value of the simple stochastic process u(™ on each interval
(tj—1,t;],j=1,...,nand s <t <t,_1 <t we have

E (M (t) — Mn(s)|Fs)

= E | ¢r(By, — Bs) + mi:l ¢jABj + ¢m(Bt — Bt,, )| Fs
j=k+1
BB, - BRI+ S B(EABIR, )IF)
+E (E (¢m(Br — Btmj)T;il) | Fs)
= ¢pE((By, — Bs)|Fs) + mz_:l E(¢;E (ABj|F;,) 1 F5)
+E (¢mE (B, — Btmlj)zlgil) [75)

= 0.

Finally, the result follows from the fact that the convergence in mean square M, (t) — M;
implies the convergence in mean square of the conditional expectations. m

. Continuity: Suppose that u belongs to the space LZ’T. Then, the stochastic integral M; =
fg usdBs has a version with continuous trajectories.
Proof. With the same notation as above, the process M,, is a martingale with continuous

trajectories. Then, Doob’s maximal inequality applied to the continuous martingale M,, — M,,
with p = 2 yields

1
P < sup |M,(t) — My, (t)] > )\> < ﬁE (\Mn(T) — Mm(T)|2)
0<t<T
1 Tl mf? ) nmoe
= SFE / ’ut — Uy ‘ dt | — 0.
A2 0
We can choose an increasing sequence of natural numbers ng, k = 1,2, ... such that

P < sup | My, (t) — My, ()| > 2_k> <27k
0<t<T

The events Ay, := {supoc;cr [Mp,,, (t) — My, (t)] > 27%} verify

k=1

Hence, Borel-Cantelli lemma implies that P(limsup; Ax) = 0, or

P(limirl:f A7) =1.
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That means, there exists a set N of probability zero such that for all w ¢ N there exists
k1(w) such that for all & > ki (w)

sup |My, ., (t,w) — My, (t,w)] < 2k,

0<t<T

k+1

As a consequence, if w ¢ N, the sequence M, (t,w) is uniformly convergent on [0,T] to
a continuous function Ji(w). On the other hand, we know that for any ¢ € [0,7T], M,, (t)
converges in mean square to fg usdBs. So, Jy(w) = f(f usdBs almost surely, for all ¢ € [0, T,
and we have proved that the indefinite stochastic integral possesses a continuous version. |

. Maximal inequality for the indefinite integral: M, = fg usdBs of a processes u € LiT: For all

A >0,
1 T
P sup [Mi|>X| < SF </ u?dt) .
0<t<T A 0

. Stochastic integration up to a stopping time: If u belongs to the space LZ,T and 7 is a stopping
time bounded by T', then the process ulj ) also belongs to LZ,T and we have:

T T
/ utl[oﬂ (t)dBt = / Ut dBt. (18)
0 0

Proof. The proof will be done in two steps:

(a) Suppose first that the process u has the form u; = F1(,4(t), where 0 < a < b < T
and F € L?(Q, F,, P). The stopping times 7, = Z?; tﬁLlA%, where i, = £ Al =
{(1_2% <7< ;—Z} form a nonincreasing sequence which converges to 7. For any n we

have -
/ uy dBy = F(Bb/\Tn - BCL/\Tn)'
0

On the other hand,

T 2" T
/ utl[O,Tn] (t)dBt = Z/ 1A%1[07tﬁ] (t)’u,tdBt
27L T
= Z/O 1le(tifl,tm(t)utdBt’
=1

where B! = Al U A%l U ... U A2". The process 1p: l(t:i;l,t%](t) is simple because
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Bl = {% <7} € Fui-1. As a consequence,
T 2" T
/0 utl[oﬂ.n] (t)dBt = Z/(; 1le(a,b}ﬂ(tf;1,tm (t)FdBt
i=1
2n T
= F) 1p /0 Lo 4 (4Bt
i=1

2™ T
= leA;;/O 1(q 5o, (t)d Bt
=1
2’”/

= Z 1A§LF(Bb/\t;il - Ba/\t%)
i=1

= F(Bb/\Tn - Ba/\Tn)-

Taking the limit as n tends to infinity we deduce the equality in the case of a simple
process.

(b) In the general case, it suffices to approximate the process u by simple processes. The
convergence of the right-hand side of (18) follows from Doob’s maximal inequality.

The martingale M; = fg usdBs has a nonzero quadratic variation, like the Brownian motion:

Proposition 22 (Quadratic variation) Let u be a process in Lg,T' Then,

n tj 2 Ll(Q) t
Z / usdBg — / ugds
t 0

j=1 \/ti-1

t

as n tends to infinity, where t; = -

3.5 Extensions of the Stochastic Integral

[t0’s stochastic integral fOT usdBg can be defined for classes of processes larger than LZ T
A) First, we can replace the filtration F; by a largest one #H; such that the Brownian motion
B; is a martingale with respect to H;. In fact, we only need the property

E(Bt — BS|H5) =0.

Notice that this martingale property also implies that E((B; — Bs)*|Hs) = 0, because
t
E((B,— B)? H,) = E(2/ BydB, +t — s|Hy)
S

= 2HmE(Y  By,(By, — By, )|He) +t —s
i=1
= t—s.
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Example 3 Let {B;,t > 0} be a d-dimensional Brownian motion. That is, the components

{Bk(t),t > 0}, k = 1,...,d are independent Brownian motions. Denote by ]-'t(d) the filtration
generated by B; and the sets of probability zero. Then, each component By (t) is a martingale

with respect to ft(d), but ]-"t(d) is not the filtration generated by By(t). The above extension allows
us to define stochastic integrals of the form

T
/0 Ba(s)dB1(s),
T
/0 sin(B(s) + B2(s))dBa(s).

B) The second extension consists in replacing property E ( fOT ufdt) < o0 by the weaker as-
sumption:

b’) P(f(;fufdt < oo) = 1.

We denote by L, 7 the space of processes that verify properties a) and b’). Stochastic integral
is extended to the space L, by means of a localization argument.
Suppose that u belongs to L, 7. For each n > 1 we define the stopping time

t
Tn:inf{tZO:/ugdSZn}, (19)
0

where, by convention, 7, = T if fOT u?ds < n. In this way we obtain a nondecreasing sequence of
stopping times such that 7, T 7. Furthermore,

t
t<¢n<:>/u§ds<n.
0

Set

ugn) = uljg 7,1 (t)-

2
The process u(™ = {ugn),O <t < T} belongs to L?l,T since (fOT (uﬁ")) ds) <n. Ifn<m,on

t t
/ u™dB, = / u{™dB,
0 0
because by (18) we can write

t t tATn
/ u(VdB, = / u{™ 10,5, )(s)dBs = / u{™dB.
0 0 0

the set {t < 7,} we have

As a consequence, there exists an adapted and continuous process denoted by fg ugsdBs such that
for any n > 1,
t t
/ ugn)st = / ugsdBg
0 0
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ift <.

The stochastic integral of processes in the space L, 7 is linear and has continuous trajectories.
However, it may have infinite expectation and variance. Instead of the isometry property, there is
a continuity property in probability as it follows from the next proposition:

Proposition 23 Suppose that u € L, 1. For all K,6 > 0 we have :

T T §
P</ usd By 2K>§P</ u3d525>+2.
0 0 K

Proof. Consider the stopping time defined by

t
T—inf{tZO:/ugdS—(S},
0

with the convention that 7 =T if fOT u?ds < .We have

T T
P</ usdB, 2K> < P</ u3d525>
0 0

T
+P < / usdBg
0
and on the other hand,

T T
P(/ uSdBSZK,/ ugds<5> = P(
0 0

T
EK,/ ugds<5),
0

IN
e
/~

|
As a consequence of the above proposition, if u(™ is a sequence of processes in the space LoT
which converges to u € L, 7 in probability:

P < /OT (u§"> —us>2ds

T » [T
/ ugn)st — / usdBs.
0 0

> e) nzee 0, for all e >0

then,
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3.6 It0’s Formula

Ito’s formula is the stochastic version of the chain rule of the ordinary differential calculus. Consider

the following example

1

t
1
/ B,dBs; = ~B? — _t,
0 2 2

that can be written as .
B? :/ 2BydBs + t,
0

or in differential notation

d (Bf) = 2BdBy + dt.

Formally, this follows from Taylor development of B? as a function of ¢, with the convention
(dBy)? = dt.

The stochastic process B? can be expressed as the sum of an indefinite stochastic integral
fg 2BsdBs, plus a differentiable function. More generally, we will see that any process of the form
f(By), where f is twice continuously differentiable, can be expressed as the sum of an indefinite
stochastic integral, plus a process with differentiable trajectories. This leads to the definition of
Ito processes.

Denote by L}LT the space of processes v which satisfy properties a) and

b”) P(fOT oy dt < oo) ~1.

Definition 24 A continuous and adapted stochastic process {X;,0 < t < T'} is called an Ité process
if it can be expressed in the form

t ¢
X = Xy +/ ugsdBg —I—/ vsds, (20)
0 0

where u belongs to the space L, T and v belongs to the space L}LT .

In differential notation we will write
dXt = utdBt + Utdt.

Theorem 25 (It6’s formula) Suppose that X is an It process of the form (20). Let f(t,x) be

a function twice differentiable with respect to the variable x and once differentiable with respect to
2

t, with continuous partial derivatives %, %, and %{ (we say that f is of class C12). Then, the

process Yy = f(t, Xy) is again an Ité process with the representation

taf taf
Y, = X - Xs a_ 7Xs S Bs
b= 1050+ [ Fexds+ [ e X

taf 1 t82f 9
- XS S Py 7XS S .
+/0 8:U(8’ Jusds + 3, 9a2 (s, Xs)uzds
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1.- In differential notation It0’s formula can be written as

2
At X,) = %(t,Xt)dt + %(t, X)X, + 5%(3 X,) (dX))’,

where (dX;)? is computed using the product rule

X dBt dt
dB; | dt 0
dt 0 0

2.- The process Y; is an It6 process with the representation

t t
Y,5:Y0+/ asst+/ sds,
0 0

where

YO = f(o X0)7

ﬂt = gf(t Xt)ut,
2
b= Paoxo e L xoe 20w xou

Notice that u; € L, 7 and vy € L}z ¢ due to the continuity of X.

3.- In the particular case uy = 1, vy = 0, Xy = 0, the process X; is the Brownian motion By, and
[t6’s formula has the following simple version

t t
f6.8) = 100+ [ s pydn+ [ B
82f

o 5 (8, Bs)ds.

4.- In the particular case where f does not depend on the time we obtain the formula

f(Xq /f s)usdBg + /f $)vsds + = /f" Yulds.

1t6’s formula follows from Taylor development up to the second order. We will explain the
heuristic ideas that lead to It6’s formula using Taylor development. Suppose v = 0. Fix ¢t > 0 and
consider the times t; = - t . Taylor’s formula up to the second order gives

n

FX) = f0) = D [f(X) = f(Xe,_)]

=1

= 3P A SR (MK, (21)
p= j=1
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where AX; = Xt; — Xt,_, and Yj is an intermediate value between X, _,

and X¢;.
The first summand in the above expression converges in probability to fot 1'(Xs)usdBs, whereas
the second summand converges in probability to % fg (X s)ulds.

Some examples of application of It6’s formula:

Example 4 If f(z) = 2? and X; = By, we obtain
t
B? = 2/ BydB; +t,
0

because f'(x) = 2z and f"(z) = 2.
Example 5 If f(z) =23 and X; = By, we obtain

t t
B} :3/ B§d38+3/ Bgds,
0 0
because f'(z) = 322 and f”(z) = 6z. More generally, if n > 2 is a natural number,

t -1 t
Br'=n /0 BrldB, + ”(”2) /0 Br2ds.

ll2 a2
Example 6 If f(t,z) = e 2! | X, = B;, and ¥; = e*P*~"2 we obtain

t
Y}—l—i—a/ YsdB;
0

because

of 19°f
ot 20x?
This important example leads to the following remarks:

= 0. (22)

1.- If a function f(¢,z) of class C'1? satisfies the equality (22), then, the stochastic process f(t, B;)
will be an indefinite integral plus a constant term. Therefore, f(¢, B; will be a martingale

provided f satisfies:
t af 2
—(s,B
/0 (896(8’ S)) ds| < oo

2.- The solution of the stochastic differential equation

E

for all t > 0.

dY; = aYydDBy

2
. _a_
is not Y; = eBt, but Y; = e*Bi— 5L,
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Example 7 Suppose that f(t) is a continuously differentiable function on [0,7]. It&’s formula
applied to the function f(¢)z yields

t t
f(t)Bt:/O fsst+/O BSf;ds

and we obtain the integration by parts formula

/O 1B, = f()Bs /0 B flds.

We are going to present a multidimensional version of Itd’s formula. Suppose that B; =
(B}, B%,...,B™) is an m-dimensional Brownian motion. Consider an n-dimensional Itd process of

the form . . .
th = X5 + fo ug'dBg + - + fo us"dBY + fo vgds

Xt" = XJ+ [yultdBl + -+ [JulmdBI + [ vlds

In differential notation we can write

dX} = Zu;’dBt + vidt
=1

or

dXt = utdBt + Utdt.

where v; is an n-dimensional process and u; is a process with values in the set of n X m matrices
and we assume that the components of u belong to L, r and those of v belong to L};,T

Then, if f:[0,00) x R® — RP is a function of class C*2, the process Y; = f(t, X;) is again an
1t6 process with the representation

dyF = %’;’“ t, Xy)dt + § 83: (t, Xy)dX}
1 < 9%fy o
- t, X;)dX}dX].
P 8xza$](’ t) t t

The product of differentials dedth is computed by means of the product rules:

i 0 if i#j
7 J
dBidB; = {dt it Q=
dBidt = 0
(dt)? = o.

In this way we obtain

dXldX] = (Z u@ku§k> = (utu;)ij dt.
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As a consequence we can deduce the following integration by parts formula: Suppose that X
and Y; are Ito6 processes. Then,

t t t
X,Y; = XoYo + / X,dY, + / Y.dx, + / 4X.dY..
0 0 0

3.7 1Itd’s Integral Representation

Consider a process u in the space LiT. We know that the indefinite stochastic integral

t
Xt:/ UsdBS
0

is a martingale with respect to the filtration F;. The aim of this subsection is to show that any
square integrable martingale is of this form. We start with the integral representation of square
integrable random variables.

Theorem 26 (Itd’s integral representation) Consider a random variable F in L*(Q, Fr, P).
Then, there exists a unique process u in the space LZ}T such that

T
F = E(F) +/ usdBs.
0

Proof. Suppose first that F' is of the form

T 1 T
F = exp (/ hsdBs — / hids> , (23)
0 2 Jo

where h is a deterministic function such that fOT h2ds < co. Define

t 1 t
Y; = exp </ hsst—/ h3d3>.
0 2 Jo

By Itd’s formula applied to the function f(x) = e* and the process X; = fg hsdBgs — % f(f h2ds, we
obtain

1 1
dy; = Y, (h(t)dBt - 2h2(t)dt> + 5Yt(h(t)dBt)2
= Yih(t)dBy,

that is,
t
Y, =1 —l—/ Ysh(s)dBs.
0

Hence,

T
F=Yr—1 +/ Y,h(s)dB,
0
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and we get the desired representation because E(F) =1,

E Tyfh?(s)ds = TE(Yf)h?(s)ds
(f yorem) =

0
T,
= elo Midsp2(5)ds
0

T T
< exp </ hids) / hZds < occ.
0 0

By linearity, the representation holds for linear combinations of exponentials of the form (23). In
the general case, any random variable F' in L?(Q, Fr, P) can be approximated in mean square by
a sequence F), of linear combinations of exponentials of the form (23). Then, we have

T
F, = E(F,) + / u{™dB,.
0
By the isometry of the stochastic integral

(E(Fn — Fp) + /0 ' (ug"> - ugm>) st>

E [(Fn—Fm)ﬂ —- E

v
|
| u— |
N
|
—
En:A
2
|
IS
wn—~
2
~
(3]
QL
ILI

The sequence F,, is a Cauchy sequence in L?(Q, Fr, P). Hence,

7,Mm—00
—

E [(Fn . Fm)ﬂ 0

E {/OT (ugn) - ugm))z ds} .

This means that u(™ is a Cauchy sequence in L2([0,7] x Q). Consequently, it will converge to a
process u in L?([0,T] x 2). We can show that the process u, as an element of L2([0,T] x Q) has a
version which is adapted, because there exists a subsequence u(™ (t,w) which converges to u(t,w)
for almost all (¢,w). So, u € L?L’T. Applying again the isometry property, and taking into account
that E(F,) converges to E(F'), we obtain

and, therefore,

n—oo n—o0

T
F = lim F, = lim (E(Fn)—i-/ ugn)st>
0

T
0

Finally, uniqueness also follows from the isometry property: Suppose that u(!) and u(?) are processes
in L?L’T such that

T T
F = E(F) +/ uVdB, = E(F) +/ u?dB,.
0 0
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Then
0=F

([ -y 5[] -

and, hence, ugl)(t,w) = u? (t,w) for almost all (¢,w). m

Theorem 27 (Martingale representation theorem) Suppose that {M;,t € [0,T]} is a mar-
tingale with respect to the Fi, such that E(M%) < oo . Then there exists a unique stochastic
process u in the spaceLZ,T such that

t
Mt:E(Mg)Jr/ usd B
0

for all t € [0,T7].

Proof. Applying It6’s representation theorem to the random variable F = Mp we obtain a
unique process u € L% such that

T T
My = E(MT) +/ usdBg = E(M()) +/ usdBs.
0 0
Suppose 0 <t <T. We obtain
T
M, = E[Mp|F]=E(M)+ E[/ usdBs|F)
0

t
= E(M0)+/ usdBs.
0

Example 8 We want to find the integral representation of F' = B%. By It6’s formula

T T
B} = / 3B2dB; + 3 / Bydt,
0 0

and integrating by parts

T T T
/ Bydt = TBr —/ tdBt:/ (T — t)dB.
0 0 0

So, we obtain the representation

T
B3 —/ 3[B? + (T —t)] dB.
0

56



3.8 Girsanov Theorem

Girsanov theorem says that a Brownian motion with drift B;+ At can be seen as a Brownian motion
without drift, with a change of probability. We first discuss changes of probability by means of
densities.

Suppose that L > 0 is a nonnegative random variable on a probability space (€2, F, P) such
that E(L) = 1. Then,

[Q(A) = E(14L)|

defines a new probability. In fact, @) is a o-additive measure such that

We say that L is the density of () with respect to P and we write

aQ _

=1L
dP

The expectation of a random variable X in the probability space (£, F,Q) is computed by the
formula

Eo(X) = E(XL).

The probability @ is absolutely continuous with respect to P, that means,
P(A)=0= Q(A) =0.

If L is strictly positive, then the probabilities P and @ are equivalent (that is, mutually absolutely
continuous), that means,

P(A)=0 < Q(A) =0.
The next example is a simple version of Girsanov theorem.
Example 9 Let X be a random variable with distribution N (m, 02). Consider the random variable

m2

m
L —e o25T3,2.

which satisfies E(L) = 1. Suppose that @ has density L with respect to P. On the probability
space (€, F, Q) the variable X has the characteristic function:

itX itX 1 0 _amm? me m? g,
Eqg(e"*) = E(e L):\/i2 e 202 o2 2.2 Ty
2no* J -0
1 0 _i it _o'2t2
= \/72 e 202+2mdm: e 2,
2m0% J—o0

so, X has distribution N(0,0?).

Let {By,t € [0,T]} be a Brownian motion. Fix a real number A\ and consider the martingale

L; = exp (—)\Bt — /\72t>. (24)
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We know that the process {L;,t € [0,T]} is a positive martingale with expectation 1 which satisfies
the linear stochastic differential equation

t
Li=1- / ALsdB;.
0

The random variable Ly is a density in the probability space (2, Fp, P) which defines a probability
Q given by
Q(A) = E(1aL7),

for all A € Fr.
The martingale property of the process L; implies that, for any ¢ € [0, T, in the space (2, ¢, P),
the probability @) has density L; with respect to P. In fact, if A belongs to the o-field F; we have

Q(A) = E(1aLr)=E(EQaL7|F))
= E(14E(L7|FR))
= E(14L).

Theorem 28 (Girsanov theorem) In the probability space (Q, Fr, Q) the stochastic process

|Wi =B+ M,

1s a Brownian motion.
In order to prove Girsanov theorem we need the following technical result:

Lemma 29 Suppose that X is a real random variable and G is a o-field such that

o2

E( eiuX|g) — 67%

Then, the random variable X is independent of the o-field G and it has the normal distribution
N(0,0?).

Proof. For any A € G we have

E(lAei“X) = P(A)e 2

Thus, choosing A = ) we obtain that the characteristic function of X is that of a normal distribu-
tion N(0,0?). On the other hand, for any A € G, the characteristic function of X with respect to
the conditional probability given A is again that of a normal distribution N (0, 0?):

EA (eluX) — e 2

That is, the law of X given A is again a normal distribution N (0, 0?):
Py(X <zx)=®(x/0),
where ® is the distribution function of the law N(0,1). Thus,

P((X <2)NA) = P(A)d(z/0) = P(A)P(X < z),
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and this implies the independence of X and G . m

Proof of Girsanov theorem. It is enough to show that in the probability space (2, Fr, @),
for all s < t < T the increment W; — Wy is independent of F5 and has the normal distribution
N(0,t —s).

Taking into account the previous lemma, these properties follow from the following relation,
forall s <t, Ae Fs, u <R,

. u2
Eq (Lae™MW)) = Q(A)e 5 (-9, (25)
In order to show (25) we write
Eo (1Aez‘u(Wt—Ws)) — B (1Aeiu(wt—ws)Lt)

= E (1Aeiu(Bt—Bs)+iu>\(t—5)—>\(Bt—Bs)—>‘22(t—S)Ls>

— E(1.L,)E (e(iuf)\)(Bths)) UM (E—8)— 2 (t-s)

= Q(A)e@ (t—s)+iuA(t—s)— % (t—s)

N

u

= QA)e T,

Girsanov theorem admits the following generalization:

Theorem 30 Let {0;,t € [0,T]} be an adapted stochastic process such that it satisfies the following

Nowvikov condition: -
1
E (exp <2/ thdt)) < 0. (26)
0

t
Wt :Bt+/ HSdS
0

Then, the process

s a Brownian motion with respect to the probability QQ defined by

Q(A) = E(1aLr),

t 1 t
Li=exp|— 0,dBs; — — 0%ds | .
2 S
0 0

Notice that again L, satisfies the linear stochastic differential equation

where

t
Li=1 —/ OsLsdBs.
0

For the process L; to be a density we need E(L;) = 1, and condition (26) ensures this property.
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As an application of Girsanov theorem we will compute the probability distribution of the
hitting time of a level a by a Brownian motion with drift.
Let {B:,t > 0} be a Brownian motion. Fix a real number A, and define

)\2
Lt = exp <—)\Bt — 2t> .
Let @ be the probability on each o-field F; such that for all ¢ > 0

dQ

ap 7 = e

By Girsanov theorem, for all 7' > 0, in the probability space (2, Fr, Q) the process B; + At := Et
is a Brownian motion in the time interval [0,7]. That is, in this space B; is a Brownian motion
with drift —\¢. Set

T, = inf{t > 0, B; = a},

where a # 0. For any ¢ > 0 the event {7, < t} belongs to the o-field F,, »; because for any s > 0

{ta < t}{m At <s}={m <t}Nn{r, <s}
= {1 <tAs} € Fsnr C Fs.

Consequently, using the Optional Stopping Theorem we obtain

Q{ra < t}=E (Lr,<nli) = E (L, <y E(Li| Frunt))
= E(Lr<nLrnt) = E (L <ty Lr,)

— E (1{Ta§t}e—Aa—%)\2Ta>
t

= /e)‘aé)‘%f(s)ds,
0

where f is the density of the random variable 7,. We know that

e
V2ms3

Hence, with respect to () the random variable 7, has the probability density

o e
2s

fs) =

la|  _(a+r9)?
e 2s

V2omrsd

, § > 0.

Letting, t 1 oo we obtain
Qfra <0} = e ME (e_%)‘zm) = gl
If A = 0 (Brownian motion without drift), the probability to reach the level is one. If —Xa > 0

(the drift —\ and the level a have the same sign) this probability is also one. If —Aa < 0 (the drift
—A and the level a have opposite sign) this probability is e~ 2,

Exercises
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3.1 Let B; be a Brownian motion. Fix a time ¢ty > 0. Show that the process

{Bi = Big+s = Buy, 120}
is a Brownian motion.
3.2 Let B; be a two-dimensional Brownian motion. Given p > 0, compute: P (|B;| < p).

3.3 Let B; be a n-dimensional Brownian motion. Consider an orthogonal n x n matrix U (that is,
UU’ = I). Show that the process N
By =UB;

is a Brownian motion.

3.4 Compute the mean and autocovariance function of the geometric Brownian motion. Is it a
Gaussian process?

3.5 Let B; be a Brownian motion. Find the law of B; conditioned by By, By,, and (By,, By,)
assuming t; <t < ta.

3.6 Check if the following processes are martingales, where B; is a Brownian motion:
X, = B}-3tB

t
Xt = tQBt—2/ SBst
0

Xy = et/2 cos B;
Xy = et/? gin By

1
Xy = (Bi+t)exp(—B; — §t)

X; = Bji(t)Ba(t).
In the last example, B; and By are independent Brownian motions.

3.7 Find the stochastic integral representation on the time interval [0, 7] of the following random
variables:

T
/ Bydt
0

_ 3
= DBy
= sin BT

T
= / tB2dt
0

3.8 Let p(t,x) = 1/v/T —texp(—22/2(1 —t)), for 0 < t < 1, x € R, and p(1,z) = 0. Define
M, = p(t, By), where {B;,0 <t < 1} is a Brownian motion.

G T B S B
I
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a) Show that for each 0 <t < 1, My = My + fg %(3, Bs)dBs.

b) Set Hy = %(t, B;). Show that fol HZ2dt < oo almost surely, but E (fol HEdt) = 00.

4 Stochastic Differential Equations

Consider a Brownian motion {By,t > 0} defined on a probability space (€2, F, P). Suppose that
{Fi,t > 0} is a filtration such that By is Fi-adapted and for any 0 < s < ¢, the increment B; — B;
is independent of Fj.

We aim to solve stochastic differential equations of the form

dX; = b(t, Xt)dt + U(t, Xt)dBt (27)

with an initial condition X, which is a random variable independent of the Brownian motion B;.
The coefficients b(t, ) and o(t, z) are called, respectively, drift and diffusion coefficient. If the
diffusion coefficient vanishes, then we have (27) is the ordinary differential equation:

dX

St b X)),
dt (8, %)

For instance, in the linear case b(t,x) = b(t)x, the solution of this equation is
X, = Xoelo vo)ds

The stochastic differential equation (27) has the following heuristic interpretation. The incre-
ment AX; = X;ya¢ — X can be approximatively decomposed into the sum of b(¢, X;)At plus the
term o(t, X;)AB; which is interpreted as a random impulse. The approximate distribution of this
increment will the normal distribution with mean b(t, X;)At and variance o(t, X;)2At.

A formal meaning of Equation (27) is obtained by rewriting it in integral form, using stochastic
integrals:

t t
Xt:X0+/ b(s,Xs)ds—ir/ (s, X,)dBs. (28)
0 0

That is, the solution will be an Itd process {X;,¢ > 0}. The solutions of stochastic differential
equations are called diffusion processes.
The main result on the existence and uniqueness of solutions is the following.

Theorem 31 Fix a time interval [0, T]. Suppose that the coefficients of Equation (27) satisfy the
following Lipschitz and linear growth properties:

bt x) = b(t,y)| < Dilz -yl (29)
|o(t,2) —o(t,y)| < Dalz -yl (30)
b(t,z)| < Ci(1+[z]) (31)
lo(t,z)] < Co(l+ |z]), (32)
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for all z,y € R, t € [0,T]. Suppose that Xy is a random variable independent of the Brownian
motion {By,0 < t < T} and such that E(X2) < co. Then, there exists a unique continuous and
adapted stochastic process {X,t € [0,T|} such that

T
E (/ Xs|2ds> < 00,
0

which satisfies Equation (28).

Remarks:

1.- This result is also true in higher dimensions, when B; is an m-dimensional Brownian motion,

the process X; is n-dimensional, and the coefficients are functions b : [0,7] x R" — R",
o:10,T] x R — R™*™,

2.- The linear growth condition (31,32) ensures that the solution does not explode in the time
interval [0, 7. For example, the deterministic differential equation

dXy

yr = X2 Xo=1,0<t<1,

has the unique solution
1
Xp=—,0<t<1,
t=1-—p VS
which diverges at time ¢t = 1.

3.- Lipschitz condition (29,30) ensures that the solution is unique. For example, the deterministic
differential equation

dX; 2/3
— =3X Xo=0
dt t 0 3

has infinitely many solutions because for each a > 0, the function

0 if t<a
Xt_{(t—a)?’ if t>a

is a solution. In this example, the coefficient b(z) = 32%/3 does not satisfy the Lipschitz
condition because the derivative of b is not bounded.

4.- If the coefficients b(¢,z) and o(t, z) are differentiable in the variable x, the Lipschitz condition

means that the partial derivatives gg and % are bounded by the constants D; and Do,
respectively.

4.1 Explicit solutions of stochastic differential equations

1t6’s formula allows us to find explicit solutions to some particular stochastic differential equations.
Let us see some examples.

63



A) Linear equations. The geometric Brownian motion

X, = Xpelom T )t
solves the linear stochastic differential equation
dXi = pXidt + 0 X dBy.
More generally, the solution of the homogeneous linear stochastic differential equation
dX; = b(t)Xdt + o(t) X dBy

where b(t) and o(t) are continuous functions, is

X, = Xoexp [ JE(b(s) = Lo2(s)) ds + [ a(s)dBS} .

Application: Consider the Black-Scholes model for the prices of a financial asset, with
time-dependent coefficients u(t) y o(t) > 0:

dSt = St(/l(t)dt + O'(t)dBt).

The solution to this equation is

S, = Soexp [/Ot (M(s) - 202(5)) ds + /Ot U(s)st} .

If the interest rate r(t) is also a continuous function of the time, there exists a risk-free
probability under which the process

_ b u(s) —r(s) .
m‘&+ﬁ o5 "

~ t
is a Brownian motion and the discounted prices S; = Sie™ Jor(9)ds are martingales:

S, = Spexp </Ota(s)dWS - ;/Ot 02(3)d3> |

In this way we can deduce a generalization of the Black-Scholes formula for the price of an
European call option, where the parameters o? and 7 are replaced by

»2 = —— o?(s)ds,

R = —— r(s)ds.
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B) Ornstein-Uhlenbeck process. Consider the stochastic differential equation
dXt = a(m—Xt) dt"‘O’dBt
XO = T,

where a,0 > 0 and m is a real number. This is a nonhomogeneous linear equation and
to solve it we will make use of the method of variation of constants. The solution of the
homogeneous equation

dry = —axdt

g = X

is 2y = xe~%. Then we make the change of variables X; = Y;e~%, that is, ¥; = X;e%. The
process Y; satisfies

dY; = aXie®dt + e™dX,
= ame®dt + ce™dB,.

Thus,
t
Y; =z 4+m(e® —1) + 0’/ e*®dBs,
0

which implies

Xi=m+ (x—m)e® +ge @ fg e dB;.

The stochastic process Xy is Gaussian. Its mean and covariance function are:

—at

E(X;) = m+(x—m)e *,

t s
cutny = ([ an) ([ )
0 0

tAs
— O.Qe—a(t-i-s)/ €2ard7"
0
o2
_ 7 (efa\tfs| o efa(tJrs)) )
2a
The law of X; is the normal distribution
o2
N(m+ (z —m)e ™, —(1- e_zat)
2a
and it converges, as t tends to infinity to the normal law
2

g

- N(m. 2
v (m,2a

).

This distribution is called invariant or stationary. Suppose that the initial condition Xy has
distribution v, then, for each t > 0 the law of X; will be also v. In fact,

¢
X =m+ (Xg—m)e ¥ + Je_“t/ e**dB;
0
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and, therefore

E(X;) = m+ (BE(Xo) —m)e * =m,
( /0 dBS)Q o2

VarX; = e 2®VarX, + o2e 2¢F 5
a

Examples of application of this model:

1. Vasicek model for rate interest r(t):

dr(t) =a(b—r(t))dt + o dBy,

(33)

where a, b are o constants. Suppose we are working under the risk-free probability.

Then the price of a bond with maturity T is given by
P(t,T)=E (e— ffr(s)dsyft) .

(34)

Formula (34) follows from the property P(7,T) = 1 and the fact that the discounted
price of the bond e~ I T(S)dSP(t, T) is a martingale. Solving the stochastic differential

equation (33) between the times ¢ and s, s > ¢, we obtain

T(S) — ,r(t)e—a(s—t) + b(l - e—a(s—t)) + O_e—as/ e dB,.
t

From this expression we deduce that the law of ftTr(s)ds conditioned by F; is normal

with mean
1— e—a(T—t)
(r(t) —b) — +b(T —t)

and variance
2 2

o 2 o 1 — e o(T=1)
(e ) 2 (- - L),
2a3 ( c + a? ( ) a
This leads to the following formula for the price of bonds:
P(t,T) = A(t, T)e  B&DIr®)

where
1— efa(Tft)

B(t,T) = — Yy

(B(t,T) =T +1t) (a®b—0?/2)  o2B(t,T)?

A(t,T) = exp e i

(35)

(36)

(37)

2. Black-Scholes model with stochastic volatility. We assume that the volatility o(t) =

f(Y?) is a function of an Ornstein-Uhlenbeck process, that is,

dS; = Si(udt+ f(Y:)dBy)
dYy = a(m—Y;)dt + BdW,

where By and W; Brownian motions which may be correlated:

E(BWs) = p(s A\t).
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C) Consider the stochastic differential equation
dXy = f(t, Xt)dt + C(t)XtdBt, Xg==x, (38)

where f(¢,z) and ¢(t) are deterministic continuous functions, such that f satisfies the required
Lipschitz and linear growth conditions in the variable x. This equation can be solved by the
following procedure:

a) Set X; = F;Y;, where

Fi = exp ( /O (5B, % /O t 02(s)ds> ,

is a solution to Equation (38) if f = 0 and = = 1. Then Y; = F; ' X; satisfies
dY; = F7 f(t, ByYy)dt, Yo = . (39)

b) Equation (39) is an ordinary differential equation with random coefficients, which can be
solved by the usual methods.

For instance, suppose that f(¢,z) = f(t)x. In that case, Equation (39) reads

dY; = f(t)Yidt,

Y, = zexp </Otf(s)ds> |

X; = zexp (fg f(s)ds + fg c(s)dBs — %fot CQ(S)dS) .

and

Hence,

D) General linear stochastic differential equations. Consider the equation
dXy = (a(t) + b(t) Xy) dt + (c(t) + d(t) Xy) dBy,

with initial condition Xy = x, where a, b, ¢ and d are continuous functions. Using the method
of variation of constants, we propose a solution of the form

Xy =UVs (40)

where

dU; = b(t)Uydt + d(t)U,d By

and

dVy = a(t)dt + B(t)dBy,
with Uy = 1 and Vj = . We know that

Ui = exp (/Ot b(s)ds + /Ot d(s)dB, — ;/Ot d2(s)ds> .
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On the other hand, differentiating (40) yields

a(t) = Ual(t) + p(t)d(t)Uy
c(t) = UB(t)
that is,
B(t) c(t) Ut
alt) = [a(t) - c(t)d(®)] U
Finally,

X, = U, (m + [Lals) — e(s)d(s)] Uy Mds + [ e(s) U;lst)

The stochastic differential equation

t t
X = Xo+ / b(s, Xs)ds + / o(s, Xs)dBs,
0 0

is written using the It0’s stochastic integral, and it can be transformed into a stochastic differential
equation in the Stratonovich sense, using the formula that relates both types of integrals. In this
way we obtain

t tq t
X; = Xo + / b(s, Xs)ds — / 3 (00”) (s, Xs)ds + / o(s, Xs) o dBs,
0 0 0

because the It6’s decomposition of the process o(s, X) is
! 1
o(t,Xy) = o(0,Xp) +/ (cr'b— 20”02) (s, Xs)ds
0

t
+/0 (o0”) (s, X5)dBs.

Yamada and Watanabe proved in 1971 that Lipschitz condition on the diffusion coefficient could
be weakened in the following way. Suppose that the coefficients b and o do not depend on time,
the drift b is Lipschitz, and the diffusion coefficient o satisfies the Holder condition

o(z) —o(y)| < D]z —y[*

where a > % In that case, there exists a unique solution.

For example, the equation
dX; = |Xy|"dBy
Xo=0

has a unique solution if r > 1/2.

Example 1 The Cox-Ingersoll-Ross model for interest rates:

dr(t) = a(b—r(t))dt + o+/r(t)dW;.
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4.2 Numerical approximations

Many stochastic differential equations cannot be solved explicitly. For this reason, it is convenient
to develop numerical methods that provide approximated simulations of these equations.
Consider the stochastic differential equation

dX; = b(Xt)dt + O'(Xt)dBt, (41)

with initial condition Xg = .
Fix a time interval [0, 7] and consider the partition

iT .
ti=—,1=0,1,...,n.
n

The length of each subinterval is §,, = %
Euler’s method consists is the following recursive scheme:

XM () = XM (1) + b(X ™ (t21))6n + (X ™ (1)) AB;,
i= 1,...,n, where AB; = By, — By, ,. The initial value is Xén) = z. Inside the interval (t;_1,t;)

the value of the process X (™ is obtained by linear interpolation. The process X (™ is a function of
the Brownian motion and we can measure the error that we make if we replace X by X™):

en = \/E [(XT - X}’”)Q]

It holds that e, is of the order 6,1/ 2, that is,

en < 66711/2

if n > no.

In order to simulate a trajectory of the solution using Fuler’s method, it suffices to simulate the
values of n independent random variables &1, . . . ., &, with distribution N (0, 1), and replace AB; by
Von&i.

Euler’s method can be improved by adding a correction term. This leads to Milstein’s method.
Let us explain how this correction is obtained.

The exact value of the increment of the solution between two consecutive points of the partition
is

t;

X () = X(ti1) + / . b(X,)ds + / o(X,)dBs. (42)

ti—1 ti—1

Euler’s method is based on the approximation of these exact values by
t;
/ b(XS)dS =~ b(X(ti_l))(gn,

/tl o(X,)dBs ~ o(X(ti1))AB;.
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In Milstein’s method we apply 1t6’s formula to the processes b(X;) and o(X;) that appear in (42),
in order to improve the approximation. In this way we obtain

X(tz) — X(tl;l)

= /tt1 [b(X(t,-_l))—i— /t1 (bb’+;b"02> (X,)dr + / ) (ob') (X,)dB,

ti—1

ds

+/:1 [a(X(ti_l))—i—/:l <ba’+;a"02> (Xr)dr—i—/s (00") (X,)dB, | dB;

ti—1

= b(X(tlfl))(Sn + O'(X(tl',l))ABi + R;.

The dominant term is the residual R; is the double stochastic integral

/:1 ( /tl (o0”) (Xr)dBr> dB,,

and one can show that the other terms are of lower order and can be neglected. This double
stochastic integral can also be approximated by

(00") (X (ti-1)) /t;i1 ( /t1 dBr> dBs.

The rules of It stochastic calculus lead to

t; s t;
/ / dB, | dBs = / (BS - Btz‘fl) dBs
ti—1 ti—1 1

b
% (Bfi B BEH) — B,y (B, = Bi_,) = 0n
= % [(ABz’)Q - 54 )

In conclusion, Milstein’s method consists in the following recursive scheme:

X)) = X)) + (X (4210))0, + o (X ™ (1)) AB;

% (00") (X (t; 1)) [(ABZ-)Q - 54 :

One can show that the error e, is of order §,, that is,

if n > ny.
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4.3 Markov property of diffusion processes

Consider an n-dimensional diffusion process {X;,¢ > 0} which satisfies the stochastic differential
equation
dX; = b(t, Xt)dt + O'(t, Xt)dBt, (43)

where B is an m-dimensional Brownian motion and the coefficients b and ¢ are functions which
satisfy the conditions of Theorem 31.

We will show that such a diffusion process satisfy the Markov property, which says that the
future values of the process depend only on its present value, and not on the past values of the
process (if the present value is known).

Definition 32 We say that an n-dimensional stochastic process {Xy,t > 0} is a Markov process

if for every s <t we have
E(f(X)|Xr,r < 5) = E(f(X3)|Xs), (44)

for any bounded Borel function f on R™.
In particular, property (44) says that for every Borel set C' € Brn we have
P(X; € C|X,,r <s)=P(X; € C|Xy).
The probability law of Markov processes is described by the so-called transition probabilities:
P(C,t,x,s) = P(X; € C|Xs = x),

where 0 < s < t,C € Bgn and z € R". That is, P(-,t, z, s) is the probability law of X; conditioned
by X = . If this conditional distribution has a density, we will denote it by p(y, t, x, s).

Therefore, the fact that X; is a Markov process with transition probabilities P(-,t,x, s), means
that for all 0 < s < t, C' € Bgrn we have

P(X; € C|X,,r <s)=P(C,t,Xs,s).

For example, the real-valued Brownian motion B; is a Markov process with transition probabilities

given by
(otm,9) =~ 5
p\y,t,r,s8) = —F/——¢€ I
27(t — s)

In fact,

P(Bt S C|]:5) - P(Bt - Bs + BS S C’]:S)
= P(Bt*Bs+IEEC)|m:BS,
because By — By is independent of F;. Hence, P(-,t,x,s) is the normal distribution N(z,t — s).

We will denote by {X;*,¢ > s} the solution of the stochastic differential equation (43) on the
time interval [s,00) and with initial condition X3* = x. If s = 0, we will write Xto’x = X7
One can show that there exists a continuous version (in all the parameters s, ¢, x) of the process

{X;7*,0<s<t,xzeR"}.
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On the other hand, for every 0 < s <t we have the property:

XP =X (45)

In fact, X for ¢t > s satisfies the stochastic differential equation
X =X7+ /t b(u, X7 )du + /ta(u,Xff)dBu.
s s
On the other hand, X;"Y satisfies
XY =y+ /t b(u, X:¥)du + /ta(u,Xj’y)dBu
s s

and substituting y by X? we obtain that the processes X and X, X5 are solutions of the same
equation on the time interval [s, 0co0) with initial condition X7Z. The uniqueness of solutions allow
us to conclude.

Theorem 33 (Markov property of diffusion processes) Let f be a bounded Borel function
on R™. Then, for every 0 < s < t we have

E[f(X0)|Fs] = E[f(X7)] lo=x.-

Proof. Using (45) and the properties of conditional expectation we obtain
BIf (X = B |[f(X)F] = BUED)] le-x..

because the process {X;*,t > s,z € R"} is independent of F, and the random variable X is
Fs-measurable. m
This theorem says that diffusion processes possess the Markov property and their transition
probabilities are given by
P(C,t,z,s) = P(X;" € C).

Moreover, if a diffusion process is time homogeneous (that is, the coefficients do no depend on
time), then the Markov property can be written as

E [f(Xt)|]:s] =K [f(Xtm—s)] |m:Xs'

Example 2 Let us compute the transition probabilities of the Ornstein-Uhlenbeck process. To
do this we have to solve the stochastic differential equation

dXt = a(m — Xt) dt —|—O'dBt

in the time interval [s, co) with initial condition z. The solution is
t
XP" =m+ (¢ —m)e ) 4 ae“t/ e dB,
S

and, therefore, P(-,t,z,s) = L(X;"") is a normal distribution with parameters

E(X)") = m+ (z—m)e =),
2

t
VarXf’x — 0_26—2at/ eQardT — %(1 _ B_Qa(t_s))_
a
S
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4.4 Feynman-Kac Formula

Consider an n-dimensional diffusion process {X;,¢ > 0} which satisfies the stochastic differential
equation

dXt = b(t,Xt)dt+ O‘(t, Xt)dBt,

where B is an m-dimensional Brownian motion. Suppose that the coefficients b and o satisfy the
hypotheses of Theorem 31 and X = x¢ is constant.

We can associate to this diffusion process a second order differential operator, depending on
time, that will be denoted by As. This operator is called the generator of the diffusion process and
it is given by

n 0 n 9
Asf(@) =320, bi(s,x)a—i_ + %Zi,j:l (UUT)M (s, )axlaf%

In this expression f is a function on [0,00) x R™ of class C'?. The matrix (007 (s,z) is the

symmetric and nonnegative definite matrix given by

(00 Zalksxajksa:)

The relation between the operator A and the diffusion process comes from Itd’s formula: Let
f(t,z) be a function of class C12, then, f(t, X;) is an It process with differential

of

af (t, Xy) = <8t

(t, Xy) + A f (8, Xt)> dt (46)

+ZZ t X,)oij(t, X;)dBi.

lel

As a consequence, if

of
Oxi

(37 XS)Ui,j(37 XS)

([

for every t > 0 and every 1, j, then the process

2
ds) < 00 (47)

M, = f(t X)) —/0 <gf+A f>( X,)ds (48)

is a martingale. A sufficient condition for (47) i
that is,
=

8Z@x)<CU+MW) (49)

In particular, if f satisfies the equation %{ + Aif = 0 and (49) holds, then f(¢, X;) is a
martingale.

The martingale property of this process leads to a probabilistic interpretation of the solution
of a parabolic equation with fixed terminal value. Indeed, if the function f(¢,z) satisfies

Y+ Af=0 }
f(T,2) = g(x)
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in [0,7] x R™, then

f(t,x) = E(g(X7")) (50)

almost surely with respect to the law of X;. In fact, the martingale property of the process f (¢, X})
implies

F(t,X0) = E(f(T, X1)|X0) = E(g(X1)|Xe) = B(9(X7"))|o=x,-

Consider a continuous function g(x) bounded from below. Applying again 1t6’s formula one
can show that, if f is of class C1? and satisfies (49), then the process

t t s
My = e~ a8y x,) — / o I3 axe)ar (W LA - f> (5, X,)ds
0

is a martingale. In fact,

— o JoalXs )dszz t Xi)oi;(t, Xt)dBj

Zl]l

If the function f satisfies the equation ‘3—’; + Asf — qf = 0 then,

e Jo q(Xs)de(t,Xt) (51)

will be a martingale.
Suppose that f(t,z) satisfies
G+ A —af =0 }
f(Tv .’L‘) = g(.%')
on [0, 7] x R™. Then,

ft,w) = B (e I ais g xhm) ), (52)
In fact, the martingale property of the process (51) implies

F(t.X0) = B (e 0 90908 (1 X )| R

Finally, Markov property yields
B (e 90 (7, X)| Fy) = B (e 00 (05 ) e,

Formulas (50) and (52) are called the Feynman-Kac formulas.

Exercices

4.1 Show that the following processes satisfy the indicated stochastic differential equations:

(i) The process X; = & - satisfies
1
dX;y = ———Xydt+ ——dB
t 1+t tat + T3¢0
Xo =0
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(ii) The process X; = sin By, with By = a € (—%, g) satisfies

1 /
dXt - —§Xtdt + 1-— XthBt,

fort <T =inf{s>0:Bs¢ [-Z,Z].
3 x

(iii) The process X; = (z'/3 + %Bt) , x> 0, satisfies

1
dX, = gxtl/ Sdt + X23dB,.

4.2 Consider an n-dimensional Brownian motion B; and constants «;, ¢ = 1,...,n. Solve the
stochastic differential equation

dX; = rXudt + X, Y apdBy(t).
k=1

4.3 Solve the following stochastic differential equations:

dXt = rdt+ OéXtdBt, XO =X
1
dX; = ydt + aXdBy, Xg=2 >0

t
dX; = X]dt+ aXydBy, Xo =z > 0.

For which values of the parameters «,~ the solution explodes?
4.4 The nonlinear stochastic differential equation
dXt = TXt(K — Xt)dt + ﬁXtdBt, X() =x>0

is used to model the growth of population of size X; in a random and crowded environment.
The constant K > 0 is called the carrying capacity of the environment, the constant r € R is
a measure of the quality of the environment and 5 € R is a measure of the size of the noise
in the system. Show that the unique solution to this equation is given by

B exp ((’I“K — %BQ) t+ 5Bt)
Ty rfg exp ((rK — £52) s + 8B;) ds’

4.5 Find the generator of the following diffusion processes:

a) dX; = pXidt + odBy, (Ornstein-Uhlenbeck process) p and r are constants
b) dX; = rX.dt + aXdB;, (geometric Brownian motion) « and r are constants
c) dX; =rdt+ aXdBy, o and r are constants

dt
dX;

(28] Jor[ & ]an

d) dY; = [ } where X is the process introduced in a)
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h) X(t) = (X1, X2,....X,),where

dXp(t) = rpXpdt + Xg Y opdBj, 1<k <n
j=1
4.6 Find diffusion process whose generator are:
a) Af(z) = fi(x) + f"(z), fECg( )
b) Af(x) =% +cadl + 102220 f e C3(R?)

c) Af(x1,x9) = &E + log(1 + IL‘l + 332) af + % (1 + acl)

w
»—Aw&h

1
+e1 5005 b aff J € C3(R?)

5 Application of Stochastic Calculus in Finance

The model suggested by Black and Scholes to describe the behavior of prices is a continuous-time
model with one risky asset (a share with price S; at time t) and a risk-less asset (with price Sy at
time t). We suppose that SY = e* where r > 0 is the instantaneous interest rate and S; is given
by the geometric Brownian motion:

2
_ t—Zt+oB
S, = Speht=TtHoB

where Sy is the initial price, p is the rate of growth of the price (F(S;) = Spett), and o is called
the wolatility. We know that S; satisfies the linear stochastic differential equation

dS; = 0S;dB; + /LStdt

or is
=2t — 5dB, + udt.
Sy
This model has the following properties:
a) The trajectories t — S; are continuous.

b) For any s < t, the relative increment StS;SSS is independent of the o-field generated by {.S,,0 <
u < s}.

c) The law of g—z is lognormal with parameters <,u - %2) (t —s), o(t — s).
Fix a time interval [0,T]. A portfolio or trading strategy is a stochastic process

¢:{(atvﬁt)70 StST}
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such that the components are measurable and adapted processes such that

T
/ lag|dt < o0,
0

T
‘/(@fﬁ < oo,
0

The component «; is que quantity of non-risky and the component B; is que quantity of shares in
the portfolio. The value of the portfolio at time ¢ is then

Vi(¢) = aze” + B1S;.
We say that the portfolio ¢ is self-financing if its value is an Ito process with differential
dVi(¢) = rage™dt + B;dS;.

The discounted prices are defined by
~ o2
S =e S, = Spexp <(,u —r)t— Et + UBt> )
Then, the discounted value of a portfolio will be
Ve(9) = e "Vi(9) = at + BeSh.
Notice that

dVi(¢) = —re "Vi(g)dt + e dVi(¢)
—rﬂtStdt + e_rtﬂtdst
= [dS;.

By Girsanov theorem there exists a probability ¢ such that on the probability space (2, Fr, Q)
such that the process

por,

Wiy = B +

is a Brownian motion. Notice that in terms of the process W; the Black and Scholes model is
o2
Sy = Spexp <rt — ?t + O’Wt> )
and the discounted prices form a martingale:
S =e S, = Spexp <—2t + O'Wt> .

This means that @ is a non-risky probability.
The discounted value of a self-financing portfolio ¢ will be

t ~
Ti(6) = Vo() + /0 5,45,
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and it is a martingale with respect to ) provided

T
/ E(B252)du < cc. (53)
0

Notice that a self-financing portfolio satisfying (53) cannot be an arbitrage (that is, Vp(¢) = 0,
Vr(¢) >0, and P( Vp(¢) > 0) > 0), because using the martingale property we obtain

Eq (Vr(9)) = Vi(6) =0,

so Vr(¢) = 0, @Q-almost surely, which contradicts the fact that P( Vp(¢) > 0) > 0.
Consider a derivative which produces a payoff at maturity time T equal to an Fp-measurable
nonnegative random variable k. Suppose also that Fg(h?) < oo.

e In the case of an European call option with exercise price equal to K, we have

h=(Sr— K)*.

e In the case of an European put option with exercise price equal to K, we have

h=(K—Sp)t.

A self-financing portfolio ¢ satisfying (53) replicates the derivative if Vip(6) = h. We say that
a derivative is replicable if there exists such a portfolio.
The price of a replicable derivative with payoff h at time ¢ < T is given by

Vi(¢) = Eq(e " T=Yn|F,), (54)

if ¢ replicates h, which follows from the martingale property of XN/t(gZ)) with respect to Q:

Eq(e " h|F) = Eq(Vr(¢)|F) = Vi(¢) = e "Vi(¢).

In particular,

Vo(0) = Eg(e—"Th).

In the Black and Scholes model, any derivative satisfying EQ(hQ) < o0 is replicable. That
means, the Black and Scholes model is complete. This is a consequence of the integral representation
theorem. In fact, consider the square integrable martingale

M, = Eq (e7""h|F) .

We know that there exists an adapted and measurable stochastic process K; verifying fOT Eg(K2)ds <
oo such that

t
Mt:Mo—l—/ KdWs.
0
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Define the self-financing portfolio ¢ = (o, B¢) by

K

ﬁt = 7"?7

O'St

ar = My~ BSt.

The discounted value of this portfolio is
‘775(¢) = o+ /Btgt = M,
so, its final value will be B
Vr(¢) = e Vr(¢) = e My = h.

On the other hand, it is a self-financing portfolio because

dVi(9) = re"Vi(e)dt+ " dVi(9)

re ' Mydt + et d M,

re" Mydt + " Ky dW,

re"togdt — re”ﬁtgtdt + Uertﬂtgtth
re"taydt — rertﬂtgtdt + e”ﬂtdgt

= re"taydt + By dS..

Consider the particular case h = g(St). The value of this derivative at time ¢ will be

Vi = Eq (e g(5r)|7)
_ e—r(T—t)EQ <g(Ster(T—t)ea(WT—Wt)—az/Q(T—t))’ft> '
Hence,
‘/t = F(t¢ St)a (55)

where
F(t,z) = e—r(T—t)EQ (g(l,er(T—t)eo(WT—Wt)—02/2(T—t))) ‘ (56)

Under general hypotheses on g (for instance, if g has linear growth, is continuous and piece-wise
differentiable) which include the cases

g(z) = (z—K)T,
g(l‘) - (K_$)+7

the function F(t,z) is of class C12. Then, applying Ito’s formula to (55) we obtain

b oF b oF
LoF 1 [tO*F 9 02
+ 0 %(U,Su)du+§ 0 W(U’SU)U Sudu
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On the other hand, we know that V; is an It0 process with the representation

¢ ¢
Vi = Vo—i—/ oﬁuSuqu+/ rVi,du.
0 0

Comparing these expressions, and taking into account the uniqueness of the representation of an
1t process, we deduce the equations

oF
Bt = ?(tast)a
oF 1 O*F
F(t,8) = 5785+ 2533 5 (¢, 5¢)
oF
+TSta (t St)

The support of the probability distribution of the random variable S; is [0,00). Therefore, the
above equalities lead to the following partial differential equation for the function F(¢,x)

OF OF 19°F
E(t,x) —i—rx%(t,x) + - 5 92 (t,x) o* 2* = rF(t,x), (57)

F(Tz) = g(x).
The replicating portfolio is given by

oF

B = %(t St)a

ar = e "H(F(t,S) — BiSt).
Formula (56) can be written as
F(t, CU) = €7T(T7t)EQ <g(weT(T7t)ea(WT*Wt)*UQ/Z(Tft)))

1 & o2
_ efrﬁ g(x€r9779+0\/§y)67y2/2dy’

N V2

where 6 = T — t. In the particular case of an European call option with exercise price K and
maturity 7', g(z) = (zx — K)* , and we get

F(t’x) = \/12?/ 61/2/2( 9+cr\[y Ker@) dy
= |2®(dy) — Ke"T-9d(d ),

where

log = +

log % +




The price at time t of the option is

Ct = F(t> St)a
and the replicating portfolio will be given by
oF
= —(t,5) = ®(d4).
/Bt 81'( ) t) ( +)

Consider Black-Scholes model, under the risk-free probability,
dS; = ’I“(t, St)Stdt + O'(t, St)Stth,

where the interest rate and the volatility depend on time and on the asset price. Consider a
derivative with payoff ¢(S7) at the maturity time T. The value of the derivative at time ¢ is given
by the formula

Vi = B (e 76500 (5p)| 7).

Markov property implies
‘/t = f(t7 St)a

where

T t,s -
= e 105

Then, Feynman-Kac formula says that the function f(t,z) satisfies the following parabolic partial
differential equation with terminal value:

% +r(t,m)xg +102(t,x)$262—f—7“(t,x)f = 0,

ot ox 2 Ox?
f(T,z) = g(x)

Exercices

5.1 The price of a financial asset follows the Black-Scholes model:

D3 _ 341 4 2dB;
St

with initial condition So = 100. Suppose r = 1.

a) Give an explicit expression for Sy in terms of ¢ and B;.
b) Fix a maturity time 7. Find a risk-less probability by means of Girsanov theorem.

c) Compute the price at time zero of a derivative whose payoff at time 7' is S’%.
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5.2 The price of a financial asset follows the Black-Scholes model
dSt = St(udt + O'dBt)

with initial condition Sp. Consider an option with payoff

1 T
H=_—- dt
T/O St

and maturity time 7. Find the price of this option at time ¢, where 0 < ty < 7T in terms of
Sy and & [0° Sydt.
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